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Abstract 

Edge detectors have traditionally been an essential part of many computer vision systems. 

There are different methods that have been proposed for improving edge detection in real 

images. This thesis presents a new edge detection method based on generalized type-2 fuzzy 

systems (GT2 FSs) which allows better modeling of the uncertainty that exists in processing 

digital images.  

In this thesis four new methods are proposed. In the first method the generalized type-2 

fuzzy logic is combined with the morphological gradient technique. The second method 

combines the GT2 FSs and the Sobel operator; in the third approach the methodology based on 

Sobel operator and GT2 FSs is improved to be applied on color images. In the fourth approach, 

we proposed a novel edge detection method where, a digital image is converted a generalized 

type-2 fuzzy image. In the contribution is also included a comparative study of type-1, interval 

type-2 and generalized type-2 fuzzy systems as tools to enhance edge detection in digital images 

when used in conjunction with the morphological gradient and the Sobel operator. The proposed 

generalized type-2 fuzzy edge detection methods were tested with benchmark images and 

synthetic images, in a grayscale and color format. 

Another contribution is that the generalized type-2 fuzzy edge detector method is applied in 

the preprocessing phase of a face recognition system; where the recognition system is based on a 

monolithic neural network. The aim of this part of the work is to show the advantage of using a 

generalized type-2 fuzzy edge detector in pattern recognition applications. Additionally, make a 

comparative analysis with the recognition rates obtained by the generalized type-2 against the 

results achieved by type-1 and interval type-2 fuzzy edge detectors. 

The main goal of using generalized type-2 fuzzy logic in edge detection applications is to 



provide them with the ability to handle uncertainty in processing real world images; otherwise, to 

demonstrate that a GT2 FLS has a better performance than the edge detection methods based on 

type-1 and type-2 fuzzy logic systems. 

  



Resumen 

Los detectores de bordes han sido tradicionalmente una parte esencial de muchos sistemas 

de visión por computadora. Existen diferentes métodos que se han propuesto para mejorar la 

detección de bordes en imágenes reales. Esta tesis presenta un nuevo método de detección de 

bordes basado en lógica difusa tipo-2 generalizada el cual pueda permitir un mejor modelado de 

la incertidumbre que pudiera existir en el procesamiento digital de imágenes. 

En esta tesis se proponen cuatro métodos nuevos. En el primer método, el sistema difuso 

tipo-2 generalizado es combinado con la técnica de gradiente morfológico. El segundo método 

combina un sistema difuso tipo-2 generalizado con el operador de Sobel; en la tercera propuesta 

la metodología basada en el operador Sobel y sistemas difusos tipo-2 generalizado es mejorada 

para ser aplicada en imágenes a color. En el cuarto enfoque, proponemos un novedoso método de 

detección de bordes, donde una imagen digital es convertida a una imagen difusa tipo-2 

generalizada. 

En la contribución de este trabajo, también está incluido un estudio comparativo de sistemas 

difusos tipo-1, tipo-2 por intervalos y tipo-2 generalizado, como herramientas para mejorar la 

detección de bordes en imágenes digitales cuando se utiliza junto con el gradiente morfológico y 

el operador Sobel.  

Como parte de los objetivos de esta tesis, el detector de bordes difuso tipo-2 generalizado es 

aplicado en la fase de pre-procesamiento de un sistema de reconocimiento de rostros; donde el 

sistema de reconocimiento es desarrollado con una red neuronal monolítica con el objetivo de 

mostrar las ventajas de usar un detector difuso en aplicaciones de reconocimiento de patrones. 

Adicionalmente, hacer un análisis comparativo con la tasa de reconocimiento obtenida con el 



sistema difuso tipo-2 generalizado contra los resultados logrados por los detectores de bordes 

basados en lógica difusa tipo-1 and tipo-2. 

El principal objetivo de usar lógica difusa tipo-2 generalizada en aplicaciones de detección 

de bordes es proporcionar a los sistemas la capacidad de manejar la incertidumbre en el 

procesamiento de imágenes del mundo real; por otro lado, demostrar que un sistema de lógica 

difusa tipo-2 generalizada tiene un mejor funcionamiento que los detectores de bordes basados 

en lógica difusa tipo-1 y tipo-2 por intervalos. 
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1. Introduction 
 

An edge may be the result of changes in light absorption, color, shade and texture, and these 

changes can be used to determine the depth, size, orientation and surface properties of a digital 

image [1]. In digitally analyzing the image, edge detection is a process that involves filtering 

irrelevant information to select the edge points. The detection of subtle changes may be 

complicated by noise and this depends on the threshold for pixel change that defines an edge. 

Detection of these continuous edges is very difficult and time consuming especially when an 

image is corrupted by noise [2]. 

Edge detectors have been an essential part of many computer vision systems. The edge 

detection process is useful to simplify the analysis of images by drastically reducing the amount 

of dataset to be processed [3]. The main application areas of edge detectors include: geographical 

systems, military, medicine, robotics, meteorology and pattern recognition systems [4-8]. 

In the area of image processing there exist some edge detection methods that are based on 

type-1 fuzzy systems [9-11], neural networks [12], genetic algorithms with PSO (Particle Swarm 

Optimization) [2], Ant Colony Optimization (ACO) [13-14], interval-valued fuzzy operators 

[15], interval type-2 fuzzy systems combined with the Sobel operator [16-17], interval type-2 

fuzzy systems and the morphological gradient [18] and an improved Canny method based on 

interval type-2 fuzzy logic [19]. Of course, we can also find the traditional methods for image 

processing, like the Canny [3], Morphological Gradient [20], Sobel [21], Roberts, Kirsch [22] 

and Prewitt [23]. 

The motivation to use fuzzy logic in the image processing area; more specifically in edge 

detection is because one of the most common problems encountered during the acquisition and 
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transmission of digital images is the contamination of the image with impulse noise [24-25]. Due 

to this inevitable fact, the acquired or received digital image usually must be pre-processed by 

applying an appropriate filtering operator to the image to suppress the contaminating noise [26-

27]. 

In the last years great progress has been made in transitioning from traditional type-1 fuzzy 

systems (T1 FSs) [28-30] to interval type-2 fuzzy systems (IT2 FSs) [31-35] and, most recently, 

to generalized type-2 fuzzy systems (GT2 FSs) [36-43]. Of course, the idea of going into higher 

orders or types of fuzzy logic is to achieve better models of uncertainty.  In this sense, it is 

theoretically expected that using IT2 FSs can provide better performance for a fuzzy system than 

using T1 FSs. Therefore, the GT2 FSs, have the potential to provide better performance than the 

IT2 FSs, which is why there has been so much interest in interval type-2 and generalized type-2 

fuzzy systems. However, generalized type 2 requires a higher computational overhead and 

several efforts have been made in order to limit the complexity of generalized type-2 fuzzy logic; 

for example, Wagner and Hagras [36-37] have introduced the zSlices-based representation and 

Mendel and Liu [38-40], have put forward a representation based on α-planes, which both enable 

the representation of, and computation with, generalized type-2 fuzzy sets.  

The main contribution of this thesis is to propose a new edge detection method based on 

generalized type-2 fuzzy systems, which allows better modeling of the uncertainty that exists in 

processing digital images.  

In this thesis four new methods are proposed. In the first method the generalized type-2 

fuzzy logic is combined with the morphological gradient technique. The second method 

combines the GT2 FSs and Sobel operator; in the third approach the methodology based on 

Sobel operator and GT2 FSs is improved to be applied on color images. In the fourth approach, 
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we proposed a novel edge detection method where, a digital image is converted on generalized 

type-2 fuzzy image. In the contribution is also included a comparative study of T1, IT2 and GT2 

fuzzy systems as tools to enhance edge detection in digital images when used in conjunction with 

the morphological gradient and the Sobel operator. The proposed generalized type-2 fuzzy edge 

detection methods were tested with benchmark images and synthetic images, in a grayscale and 

color format. 

Another contribution is that the GT2 fuzzy edge detector method is applied on the 

preprocessing phase of a face recognition system; where the recognition system is based on a 

monolithic neural network. The aim of this part of the work is to show the advantage of using a 

GT2 fuzzy edge detector in pattern recognition applications. Additionally, make a comparative 

analysis with the recognition rates obtained by the GT2 against the results achieved by T1 and 

T2 fuzzy edge detectors. 

This thesis is organized as follows. In Section 2, the basic concepts of generalized type-2 

fuzzy logic and the theory of α-planes approximation are presented, which are used for the 

implementation of the proposed method. Section 3 describes some edge detection methods and 

filters as a part of the digital image processing. Section 4 explains the technique to evaluate the 

quality of the detected edges. The methodology used for developing the proposed GT2 fuzzy 

edge detection methods is presented in Section 5. The generalized type-2 fuzzy edge detection 

applied on a face recognition system is explained in Section 6. On the other hand, Section 7 

presents simulation results with benchmark image databases to illustrate the advantages of the 

proposed generalized type-2 fuzzy edge detection methods. Finally, Section 8 offers some 

conclusions about the results and future work. 
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 "Review of Recent Type-2 Fuzzy Controller Applications". Kevin Tai, Abdul-Rahman 

El-Sayed, Mohammad Biglarbegian, Claudia I. Gonzalez, Oscar Castillo, Shohel 

Mahmud. Algorithms, vol. 9, no. 2, pp. 1-19, 2016. 
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2. Generalized type-2 fuzzy logic 

The main contribution of this work is based on the use of generalized type-2 fuzzy logic and 

the α-planes theory for achieving edge detection under uncertainty; therefore, in this section 

some important concepts and the methodology used to develop the fuzzy inference system are 

presented.  

2.1. Definition of generalized type-2 fuzzy sets 

A generalized type-2 fuzzy set (T2 FS), denoted by 𝐴̃, is characterized by a type-2 

membership function 𝜇𝐴̃(𝑥, 𝑢), where 𝑥 𝜖 𝑋, u 𝜖 𝐽𝑥 ⊆ [0,1]  and 0 ≤  𝜇𝐴̃(𝑥, 𝑢)  ≤ 1, and can be 

represented by eq. (2.1) [36, 38, 47, 45]. 

𝐴̃ =  {((𝑥, 𝑢), 𝜇𝐴̃ (𝑥, 𝑢))| ∀𝑥 ∈ 𝑋, ∀𝑢 ∈  𝐽𝑥  ⊆  [0,1] } (2.1) 

If 𝐴̃ is continuous it can be denoted by eq. (2.2), where ∫∫ denotes the union for x and u; 

   𝐴̃ = { ∫ ∫ 𝜇𝐴̃ (𝑥, 𝑢) (𝑥, 𝑢)⁄

 

𝑢∈𝐽𝑥⊆[0,1] 
𝑢

 

𝑥∈𝑋

} (2.2) 

In eq. (2.2), Jx is called the primary membership of x in 𝐴̃. At each value of  x  say x =  x′, 

the two-dimensional (2-D) plane, whose axes are u and μ
𝐴̃
(x′, u), is called a vertical slice of 𝐴̃ 

[45]. A secondary membership function is a vertical slice of μ
𝐴̃
(x, u). It is μ

𝐴̃
(x = x′, u), for x′ ∈

 X and ∀u  ∈ Jx′ ⊆ [0,1], and it is described in eq. (2.3), in which  0 ≤  fx′(u) ≤ 1. 

                        𝜇𝐴̃(𝑥 = 𝑥
′, 𝑢) = ∫ 𝑓𝑥′

 

𝑢 ∈ 𝐽
𝑥′

(𝑢) 𝑢⁄      𝐽𝑥′ ⊆ [0, 1] (2.3) 

 Uncertainty in the primary membership of a GT2 fuzzy set 𝐴̃ is represented by a bounded 

region; therefore, the two-dimensional support of μ𝐴̃(x, u) is called footprint of uncertainty 

(FOU) of 𝐴̃ and is denoted by eq. (2.4).   
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𝐹𝑂𝑈(𝐴̃) = {(𝑥, 𝑢) ∈ 𝑋 × [0, 1] 𝜇𝐴̃(𝑥, 𝑢) > 0} (2.4) 

 

FOU(𝐴̃) can also be expressed as the union of all primary memberships, i.e. 

𝐹𝑂𝑈(𝐴̃) =  ⋃𝐽𝑥
𝑢

𝑥∈𝑋

 (2.5) 

 

In Figure 2.1 we can find a representation of a generalized type-2 membership function, and 

in Figure 2.2, the footprint of uncertainty (FOU) is illustrated, which is associated with the third 

dimension and allows a better modeling of real world uncertainty. 

 

 

 

 

 

 

 

 

 

Figure 2.1 Generalized type-2 membership function 

 

Figure 2.1. Generalized type-2 membership function 

 

 

Figure 2.2 FOU of the generalized type-2 membership function 
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2.2. α-planes representation 

 

In order to limit the complexity of generalized type-2 fuzzy logic several efforts have been 

proposed; for example, Wagner and Hagras [36-37] have introduced the zSlices representation 

and Mendel and Liu [38-39], have put forward a representation based on α-planes. These 

approximation techniques decompose the three-dimensional GT2 membership function by using 

different kinds of cuts to obtain a collection of IT2 FSs. 

An α-plane for the GT2 FS 𝐴̃, denoted by 𝐴̃𝛼, is the union of all primary memberships 

functions of 𝐴̃ whose secondary grades are greater than or equal to 𝛼 (0 ≤ 𝛼 ≤ 1) [45]. The 

equation of the α-plane is represented by eq. (2.6). 

Ã𝛼 = {(𝑥, 𝑢), 𝜇Ã(𝑥, 𝑢) ≥ 𝛼|∀𝑥 ∈ 𝑋, ∀𝑢 ∈  ∀𝑢 ⊆ [0,1]} 

       =  ∫ ∫ {(𝑥, 𝑢)|𝑓𝑥(𝑢) ≥ 𝛼}

 

∀𝑢∈[0,1]

 

∀𝑥∈𝑋

 
(2.6) 

The union of all α-planes is expressed in eq. (2.7); where 𝑅𝐴̃𝛼 is one horizontal slice at level 

α. 

𝐴̃  = ⋃ 𝑅𝐴̃𝛼
𝛼∈[0,1]

 (2.7) 

2.3. Generalized type-2 fuzzy systems based on α-planes  

In Figure 2.3, the block diagram of the generalized type-2 fuzzy inference system is 

presented. The generalized type-2 Mamdani fuzzy systems contain four main components: 

fuzzifier, rules, inference engine, type-reducer and defuzzifier. In the following, a general 

description about these components is presented. 
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2.3.1. Fuzzifier process 

The fuzzifier maps crisp inputs into generalized type-2 fuzzy sets to process within the FSs. 

In this thesis, we will focus on the type-2 singleton fuzzifier as it is fast to compute and, thus, 

suitable for the generalized type-2 FSs real-time operation. Singleton fuzzification maps the crisp 

input into a fuzzy set, which has a single point of nonzero membership. Hence, the singleton 

fuzzifier maps the crisp input  xp
′  into a type-2 fuzzy singleton, whose MF is 𝜇𝐴̃𝑝(𝑥𝑝) = 1/1 for 

𝑥𝑝 = 𝑥𝑝
′  and 𝜇𝐴̃𝑝(𝑥𝑝) = 0 for  all 𝑥𝑝 ≠ 𝑥𝑝

′  for all 𝑝 = 1, 2, . . . , 𝑃, where P is the number of FLS 

inputs  [34,36]. 

 

 

 

Figure 2.3 Generalized type-2 fuzzy logic system based on the α-planes representation 
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2.3.2. Fuzzy rules 

The structure of the rules in the generalized type-2 FLS is the standard Mamdani-type FLS 

rule structure used in the type-1 FLS and in interval type-2 FLS, but in this thesis, we assume that 

the antecedents and the consequents sets are represented by generalized type-2 fuzzy sets. So for a 

type-2 FLS with 𝑝 inputs x1 ϵ X1, … , xp  ∈  XP and one output y ∈ Y, Multiple Input Single 

Output (MISO), if we assume there are 𝑀 rules, the 𝑘𝑡ℎ rule in the generalized type-2 FLS can be 

written as follows [32]. 

𝑅𝑘: 𝐼𝐹 𝑥1 𝑖𝑠 𝐹̃1 
𝑘 𝑎𝑛𝑑 …  𝑎𝑛𝑑 𝑥𝑝 𝑖𝑠 𝐹̃𝑝

𝑘, 𝑇𝐻𝐸𝑁 𝑦 𝑖𝑠 𝐺̃𝑘 (2.8) 

2.3.3. Inference engine 

For performing the inference in the GT2 FLS, the α-planes representation was used. The 

equation of the α-plane is represented in eq. (2.6). 

The inference engine for a generalized type-2 FLS based on α-planes, can be viewed as a 

combination of a series of interval type-2 fuzzy sets. During this inference process, a series of 

operations are computed as follows. 

1. Obtain the α-planes for the antecedents and consequents. In this case, the α-planes 

are obtained in the secondary membership functions of the antecedents 𝐹̃𝑖
𝑘  and consequents 𝐺̃𝑖

𝑘 

of the ith input, kth rule. The α-planes of the 𝐹̃𝑖
𝑘, create an interval type-2 fuzzy set [38, 40, 44], 

which is defined by eq. (2.9). 

(𝐹̃𝑖
𝑘)
∝ 
= 

{
 
 

 
 

∫

[
 
 
 
 

∫ 1
𝜇
𝐹̃𝑖
𝑘
∝⁄ (𝑥𝑖

′)

 

𝜇
𝐹̃𝑖
𝑘
∝ (𝑥𝑖

′)∈[𝜇
𝐹̃𝑖
𝑘
∝ (𝑥𝑖

′),𝜇
𝐹̃𝑖
𝑘
∝
(𝑥𝑖

′)]
]
 
 
 
 

 /

 

𝑥𝑖
′∈𝑋𝑖

𝑥  

}
 
 

 
 

 (2.9) 
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where (F̃i
k)
∝

can be written as 

 

(𝐹̃𝑖
𝑘)
∝ 
= { ∫ [𝜇

𝐹̃𝑖
𝑘
∝ (𝑥𝑖

′), 𝜇
𝐹̃𝑖
𝑘
∝
(𝑥𝑖

′)] 𝑥𝑖
′⁄

 

𝑥𝑖
′∈𝑋𝑖

} (2.10) 

 The α-planes of the consequents 𝐺̃𝑖
𝑘, are defined by (2.11). 

(𝐺̃𝑖
𝑘)
∝ 
= 

{
 
 

 
 

∫

[
 
 
 
 

∫ 1
𝜇
𝐺̃𝑗
𝑘
∝⁄ (𝑦𝑖

 )

 

𝜇
𝐺̃𝑖
𝑘

∝ (𝑦𝑖
 )∈[𝜇

𝐺̃𝑖
𝑘

∝ (𝑦𝑗
 ),𝜇

𝐺̃𝑖
𝑘

∝
(𝑦𝑗)] ]

 
 
 
 

/

 

𝑦𝑖
 ∈𝑌𝑖

𝑦𝑗
 

}
 
 

 
 

 (2.11) 

 Another expression for (𝐺̃𝑖
𝑘)
∝

is  

(𝐺̃𝑖
𝑘)
∝ 
= { ∫ [𝜇

𝐺̃𝑖
𝑘
∝ (𝑦𝑗

 ), 𝜇
𝐺̃𝑖
𝑘
∝
(𝑦𝑗)] 𝑦𝑗⁄

 

𝑥𝑖
′∈𝑋𝑖

} (2.12) 

 

2. Calculate the firing strengths. The firing strengths of the rules are calculated, 

where the firing sets μ
F̃i
k
α (xi

′) for each α-plane (𝛼), of the 𝑖𝑡ℎ input and 𝑘𝑡ℎ rule of a singleton 

type-2 FLS are represented by eq. (2.13). 

Ω
∝
𝑘(𝑥 

′) = ⊓𝑖=1
𝑛  {𝜇

𝐹̃𝑖
𝑘
𝛼 (𝑥𝑖

′)}   

(2.13) 

Ω∝
𝑘
(𝑥 

′) = ⊓𝑖=1
𝑛  {𝜇

𝐹̃𝑖
𝑘
𝛼
(𝑥𝑖

′)} 
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3. In a Multiple Input Single Output (MISO) FLS, the inferred output 𝜇𝐵̃𝑗
𝛼 (𝑦𝑗) and 

𝜇
𝐵̃𝑗

𝛼
(𝑦𝑗) of each rule k are represented by (2.14), where μ

G̃j
k

α  is the type-2 fuzzy MF that 

represents the 𝛼𝑡ℎ α-plane, 𝑘𝑡ℎ rule, 𝑗𝑡ℎ input of the consequents. 

𝜇𝐵̃𝑗
𝛼 (𝑦𝑗) =  Ω∝

𝑘(𝑥 
′)  ⊓ 𝜇

𝐺̃𝑗
𝑘
∝ (𝑦𝑗

 ) 

(2.14) 

𝜇
𝐵̃𝑗

𝛼
(𝑦𝑗) =  Ω∝

𝑘
(𝑥 

′)  ⊓ 𝜇
𝐺̃𝑗
𝑘
∝
(𝑦𝑗

 ) 

4. The outputs of the fired rules (M) are combined using the join operation to 

produce the overall output set, which can be expressed as follows. 

𝜇𝐵̃𝑗
𝛼 (𝑦𝑗) = ⊔𝑘=1

𝑟  {𝜇
 𝐵̃𝑗
𝑘

∝ (𝑦𝑗
 )} 

(2.15) 

𝜇
𝐵̃𝑗

𝛼
(𝑦𝑗) = ⊔𝑘=1

𝑟  {𝜇
𝐵̃𝑗
𝑘
∝
(𝑦𝑗

 )} 

2.3.4. Type reducer 

To perform the defuzzification process, the centroid method is used. The centroid of a 

generalized type-2 fuzzy set Ã, can be obtained by taking the union of the centroids of all the α-

planes of  Ã, and then the Karnik-Mendel algorithm can be used for computing the centroid of 

each α-plane. The centroid of a generalized type-2 fuzzy system, introduced by Karnik and 

Mendel [40, 46, 47], uses the following definition of the centroid, which is expressed in eq. 

(2.16). 

𝑌𝐶(∝) = 𝐶𝑒𝑛𝑡𝑟𝑜𝑖𝑑 (Ã(∝)) = ∫ …
 

𝑢1∈ 𝐽𝑥1 
∝

∫ ∝
∑ 𝑥𝑖𝜇𝐴(𝑥𝑖)
𝑁
𝑖=1

∑ 𝜇𝐴(𝑥𝑖)
𝑁
𝑖=1

⁄
 

𝑢𝑁∈ 𝐽𝑥𝑁 
∝

= ∝ [ 𝑦𝑙 , 
∝ 𝑦𝑟 

∝ ]⁄  (2.16) 
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where [ 𝑦𝑙 , 
∝ 𝑦𝑟 

∝ ] is the domain of the centroid. Obviously, computing 𝑦𝑙 
∝  and 𝑦𝑟 

∝  is the same as 

computing 𝑦𝑙 and 𝑦𝑟 for an interval type-2 fuzzy set; therefore, centroid type-reduction is 

performed by the Karnik-Mendel algorithms to compute 𝑦𝑙 
∝  and 𝑦𝑟 

∝  [47-48]. 

2.3.5. Defuzzification process 

In the defuzzification phase a type-1 fuzzy output set is produced during the type-reduction 

process. In this thesis the GT2 fuzzy inference system is approximated using α-planes; so, for 

each α-planes the centroid type-reducer is applied with eq. (2.16); after that the results of the α-

planes are integrated by eq. (2.17) and eq. (2.18) [32]. Finally the defuzzifier output is obtained 

by using the average of 𝑦𝑙 and 𝑦𝑟, this is expressed in eq. (2.19) [39-40].  

ŷ𝑗
𝑙 (𝑥 ′) =  

∑ ∝𝑖
𝑁
𝑖=1 𝑦𝑗

𝑙
 

∝𝑖 (𝑥 ′)

∑ ∝𝑖
𝑁
𝑖=1

 (2.17) 

ŷ𝑗
𝑟(𝑥 ′) =  

∑ ∝𝑖
𝑁
𝑖=1 𝑦𝑗

𝑟
 

∝𝑖 (𝑥 ′)

∑ ∝𝑖
𝑁
𝑖=1

 (2.18) 

ŷ
𝑗
(𝑥 ′) =

ŷ
𝑗
𝑙 (𝑥 ′) + ŷ

𝑗
𝑟(𝑥 ′)

2
 (2.19) 
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3. Edge detection methods and filters used on digital image 

processing   

3.1. Edge detection methods 

The aim of an edge detector, is to identify points on a digital image in which the brightness 

of the image changes dramatically or has discontinuities. There are many ways to perform edge 

detection, and one of them are the gradient methods. The gradient methods detects edges by 

looking for the maximum and minimum in the first derivative of an image. Some methods based 

on the gradient are: the Sobel, Prewitt, Roberts, Kirsch and Canny [3, 21, 22, 23]. In these 

algorithms the way to approximate the image gradient is to convolute an image with a kernel or 

filter. Besides this, there exists another edge detector method known as the morphological 

gradient, which uses the first derivative to calculate the image gradients, but without using any 

kernel. 

In the following we define the morphological gradient approach [20] and the Sobel operator 

[21]; since, these are fundamental concepts for the proposed edge detection methods. 

 

3.1.1. Morphological gradient approach 

The morphological gradient of a gray scale image can be defined as the difference between 

the intensity values of two neighboring pixels that belong to a given structural element. The core 

of gradient edge detection is, of course, the gradient operator, ∇. In continuous form and applied 

to a continuous space image the gradient, 𝑓𝑐(𝑥, 𝑦), is defined by eq. (3.1) [20]. 
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∇𝑓𝑐(𝑥, 𝑦) =  
𝜕𝑓𝑐(𝑥, 𝑦)

𝜕𝑥
 𝑖𝑥 +

𝜕𝑓𝑐(𝑥, 𝑦)

𝜕𝑦
 𝑖𝑦 (3.1) 

 

where 𝑖𝑥 and 𝑖𝑦 are the unit vectors in the 𝑥 and 𝑦 directions, respectively. Notice that the 

gradient is a vector, having both magnitude and direction. Its magnitude, |∇fc(x0, y0)|, measures 

the maximum rate of change in the intensity at the location (x0, y0). Its direction is that of the 

greatest increase in intensity. To produce an edge detector, we consider the effect of finding the 

local maxima of 𝛻𝑓𝑐(𝑥, 𝑦) or the local maxima, and this is calculated by using eq. (3.2). 

 

|∇𝑓𝑐(𝑥, 𝑦 )| =  √(
𝜕𝑓𝑐(𝑥, 𝑦)

𝜕𝑥
)

2

+ (
𝜕𝑓𝑐(𝑥, 𝑦)

𝜕𝑦
)

2

 (3.2) 

 

The precise meaning of  “local” is very important here, if the maxima of  eq. (3.2) are found 

over a 2D neighborhood, the result is a set of isolated points rather than the desired edge 

contours [49]. 

In this thesis, we are going to use 𝐷𝑖 instead of  ∇f𝑐(x, y), we apply eq. (3.2) for a matrix of 

3x3 as it is shown in Figure 3.1, so we can obtain the coefficients 𝑧𝑖  with eq. (3.3), and the 

possible direction of the edge 𝐷𝑖 with eq. (3.4). The edges 𝑆 can be calculated with eq. (3.5) [18, 

50]. 
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Figure 3.1 Matrix of 3x3 indicating the coefficients 𝒁𝒊 and the edge direction 𝑫𝒊 

 

𝒛𝟏 = 𝑓(𝑥 − 1, 𝑦 − 1)  𝒛𝟐 = 𝑓(𝑥, 𝑦 − 1) 

𝒛𝟑 = 𝑓(𝑥 + 1, 𝑦 − 1)  𝒛𝟒  = 𝑓(𝑥 − 1, 𝑦) 

𝒛𝟓 = 𝑓(𝑥, 𝑦)                 𝒛𝟔  = 𝑓(𝑥 + 1, 𝑦) 

𝒛𝟕 = 𝑓(𝑥 − 1, 𝑦 + 1)  𝒛𝟖 = 𝑓(𝑥, 𝑦 + 1) 

𝒛𝟗 = 𝑓(𝑥 + 1, 𝑦 + 1) 

(3.3) 

𝐷1 =  √(𝑧5 − 𝑧2)2 + (𝑧5 − 𝑧8)2  

𝐷2 =  √(𝑧5 − 𝑧4)2 + (𝑧5 − 𝑧6)2  

𝐷3 =  √(𝑧5 − 𝑧1)2 + (𝑧5 − 𝑧9)2  

𝐷4 =  √(𝑧5 − 𝑧3)2 + (𝑧5 − 𝑧7)2  

(3.4) 

𝑆 = 𝐷1 + 𝐷2 + 𝐷3 + 𝐷4 (3.5) 

 

3.1.2. Sobel operator 

The classic Sobel operator is a 3 x 3 neighborhood based gradient operator. The convolution 

masks for the Sobel operator on a gray scale digital image are defined by Sobelx in eq. (3.6) and 

Sobely in eq. (3.7) [16, 21]. 

𝑆𝑜𝑏𝑒𝑙𝑥 =  [
−1 −2 −1
0 0 0
1 2 1

] 

 

(3.6) 
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𝑆𝑜𝑏𝑒𝑙𝑦 =  [
−1 0 1
−2 0 2
−1 0 1

] (3.7) 

 

The positions on the two masks are separately applied on the input image to yield two 

gradient components gx in eq. (3.8) and gy in eq. (3.9) in the horizontal and vertical orientations 

respectively; the positions of the input image (𝑓) are shown in Figure 3.2, where the x-axis 

represents the horizontal positions and y-axis vertical positions. 

 

Figure 3.2 Positions of the input image (f) 

 

𝑔𝑥 =  ∑∑𝑆𝑜𝑏𝑒𝑙𝑥𝑖,𝑗 

𝑗=3

𝑗=1

∙

𝑖=3

𝑖=1

𝑓𝑥+𝑖−2,𝑦+𝑗−2 (3.8) 

𝑔𝑦 =  ∑∑𝑆𝑜𝑏𝑒𝑙𝑦𝑖,𝑗 

𝑗=3

𝑗=1

∙

𝑖=3

𝑖=1

𝑓𝑥+𝑖−2,𝑦+𝑗−2 

where 𝑓 is the source image. 

(3.9) 

The gradient magnitude or output edge is obtained by using eq. (3.10). 

 

𝐺[𝑓(𝑥, 𝑦)] =  √𝑔𝑥2 + 𝑔𝑦2 (3.10) 

 

where 𝑔𝑥 in eq. (3.8) is the result of the convolution of the input image (f) with the 𝑆𝑜𝑏𝑒𝑙𝑥  filter 

in eq. (3.6), and 𝑔𝑦 in (3.9) is the result of the convolution of the input image (f) with the 

𝑆𝑜𝑏𝑒𝑙𝑦  filter in eq. (3.7) [51-52]. 
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3.1.3. Sobel operator applied on color images 

There are various models to represent color images, such as the RGB color model, YUV 

model, CMY color model, CMYK color model and the HIS color model [53-54]. In the 

methodology of this thesis the Sobel operator is applied on color images; these images are under 

the RGB model representation. 

In the RGB model, an image consists of three independent image planes or dimensions, one 

in each of the primary colors: red, green and blue. 

To apply the Sobel Operator on a RGB color image we need to calculate the gradient 

magnitude of eq. (3.10) for each dimension, which can be defined by the following pseudocode: 

Pseudocode to calculate the gradient magnitude (12) for each dimension of a color image (𝐼). 

Input. The kernels of Sobel 𝑆𝑜𝑏𝑒𝑙𝑥 (8), 𝑆𝑜𝑏𝑒𝑙𝑦 (9) and the RGB color image (𝐼𝑟,𝑐,𝑑) where (𝑟) 

is the size rows of the image, (𝑐) the columns size and (𝑑) the dimension number; d= 1, 2, 3.  

Output. The horizontal gradients (𝑔𝑥𝑑), vertical gradients (𝑔𝑦𝑑), gradient magnitude (𝐺𝑑) for 

each dimension of the image (I) and the output edge (E). 

1. Calculate the 𝑔𝑥𝑑 and 𝑔𝑦𝑑 gradients for each (𝑑) dimension  to obtain (𝐺𝑑) 

2. for x=2 to r-1 

3. for y=2 to c-1 

4. for d=1 to 3 

5. 𝑔𝑥𝑑 =∑∑𝑆𝑜𝑏𝑒𝑙𝑥𝑖,𝑗 ∙  𝐼𝑥+𝑖−2,   𝑦+𝑗−2,   𝑑

𝑗=3

𝑗=1

𝑖=3

𝑖=1

 

6. 𝑔𝑦𝑑 =∑∑𝑆𝑜𝑏𝑒𝑙𝑦𝑖,𝑗 ∙  𝐼𝑥+𝑖−2,   𝑦+𝑗−2,   𝑑

𝑗=3

𝑗=1

𝑖=3

𝑖=1

 

7. 𝐺𝑑 = √𝑔𝑥𝑑2 + 𝑔𝑦𝑑2 

8. end 

9. end 

10. end 

11. Calculate the output edge (E) 
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12.  𝐸 =  ∑𝐺𝑑

𝑑=3

𝑑=1

 

 

The output (𝐸) in the previous pseudocode represents the edge detection obtained by the 

Sobel operator when this is applied on a color image; in Figure 3.3, an illustration of this output 

is presented. 

              

                                (a) Input image                                       (b) Edge detection output 

Figure 3.3 Color image edge detector using the Sobel operator 

 

3.2. Filters 

3.2.1. Low-pass filters 

A low-pass filters attenuate high frequencies and the low frequencies are maintained 

unchanged [55-56]. The result in the spatial domain is equivalent to a smoothing filter. The high 

frequencies are filtered where there exist strong intensity changes. The low-pass (𝑙𝑜𝑤𝑃𝐹) filter 

is implemented by using eq. (3.11), where 𝑙𝑜𝑤𝑀 in eq. (3.12) we have the mask used to filter the 

image (I). 
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𝑙𝑜𝑤𝑃𝐹 =  𝑙𝑜𝑤𝑀 ∗ 𝐼 (3.11) 

𝑙𝑜𝑤𝑀 =
1

25
∗ 

[
 
 
 
 
1 0 0
0 1 0
0 0 1

0 0
0 0
0 0

0 0 0
0 0 0

1 0
0 1]

 
 
 
 

 (3.12) 

 

3.2.2. High-pass filters 

High-pass filters are used to clean up low-frequency noise, as they attenuate the low 

frequencies while the high frequencies are unchanged. Support the contrasts found in the image. 

The details, edges and high frequency changes are intensified; otherwise, the uniform shade 

areas are attenuated [55-56]. The high-pass (ℎ𝑖𝑔ℎ𝑃𝐹) filter is implemented by using eq. (3.13). 

ℎ𝑖𝑔ℎ𝑃𝐹 =  ℎ𝑖𝑔ℎ𝑀 ∗ 𝐼 (3.13) 

The mask (ℎ𝑖𝑔ℎ𝑀) used to obtained the ℎ𝑖𝑔ℎ𝑃𝐹 is expressed in eq. (3.14). 

ℎ𝑖𝑔ℎ𝑀 =  [
−1 16⁄ −1 8⁄ −1 16⁄

−1 8⁄ 3 4⁄ −1 8⁄

−1 16⁄ −1 8⁄ −1 16⁄
] (3.14) 
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4. Metrics for edge detection methods 

There are different types of methods to measure the performance of an edge detection 

method, which usually consider different parameters for assessing the abrupt change of color in 

the pixels. This section describes some available metrics to measure the quality of the edge 

detection method. 

4.1. Figure of merit of Pratt (FOM) 

One of the most frequently used techniques is the figure of merit of Pratt (Figure of Merit; 

FOM). This measure represents the deviation of an actual (calculated) edge point from the ideal 

edge and it is defined in eq. (4.1). 

𝐹𝑂𝑀 = 
1

max (𝐾, 𝐽)
∑

1

1+ ∝ 𝑑𝑖
2

𝐽

𝑖=1

 (4.1) 

 

In (4.1)  J is the actual number of detected edge points, K  is the number of edge points on 

the ideal edge, d(i) is the distance between the edge of the current pixel and its correct position in 

the reference image and α is scaling constant (usually 1/9). To implement this metric a test image 

is needed, such as the one in Figure 4.1, and the reference image that represents K, in this case 

the reference image (with the ideal edges) of Figure 4.1 is the one in Figure 4.2. Then we apply 

any edge detection method to obtain the value of 𝐽 (Figure 4.3) that represents the number of 

detected edge points. Now if the result of eq. (4.1) is 1 or very close to 1, this means that the 

detected edge 𝐽 is the same or very similar to the ideal edge 𝐾. Otherwise, the closer the value is 

to 0, this means that there is a high difference between the detected edge and the ideal edge [57-

59]. 
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Figure 4.1 Doughnut synthetic image 

 

Figure 4.2 Reference image (K) or ideal edge of Figure 4.1 

 

 

Figure 4.3 Output of the edge detection method (J) for Figure 4.1 

 

4.2. Quality measurement using the MSE, PSNR and SSIM indices 

The Mean Square Error (MSE) and the Peak Signal to Noise Ratio (PSNR) are the two error 

metrics used to compare image compression quality [60]. In this thesis we use the PSNR and 

MSE to compare the quality of the proposed edge detector with a reference image or an ideal 

edge. An example for an edge detector and an ideal edge is shown in Figures 4.3 and 4.2 

respectively. 

The MSE represents the cumulative squared errors between the proposed edge detector 

(Figure 4.3) and the ideal edge (Figure 4.2). The PSNR is used to compute the peak signal-to-
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noise ratio, in decibels, between two images. The higher the value of the PSNR, then the better 

the quality of the edge detector found. The PSNR is calculated using eq. (4.2) and (4.3). 

𝑃𝑆𝑁𝑅 = 10𝑙𝑜𝑔10 (
(𝑀𝐴𝑋𝐽)

2

𝑀𝑆𝐸
) (4.2) 

In eq. (4.2)  𝑀𝐴𝑋𝐽 is the maximum value in the input image (𝐽). 

𝑀𝑆𝐸 =
1

𝑚𝑛
∑∑[𝐽(𝑖, 𝑗) − 𝐾(𝑖, 𝑗)]2

𝑛

𝑗=1

𝑚

𝑖=1

 (4.3) 

where 𝑚 and 𝑛 are the rows and columns number respectively in the images (𝐽, 𝐾). 

Another metric used to quality measurement is the SSIM index. The structural similarity 

(SSIM) index is a method for measuring the similarity between two images [61]. The SSIM 

index can be used to measure the quality achieved by any edge detector method; where the edge 

(Figure 4.3), can be compared with other image (Figure 4.2) which is regarded as of perfect 

quality or ideal edge. The resultant SSIM index is a decimal value between -1 and 1, and the 

value 1 is only reachable in the case of two identical sets of data. 

The Structural Similarity (SSIM) Index is a quality assessment index based on the 

computation of three terms, namely the luminance term, the contrast term and the structural term. 

The index is expressed in eq. (4.4) [62]. 

𝑆𝑆𝐼𝑀(𝐽, 𝐾) =
(2𝜇𝐽𝜇𝐾 + 𝐶1)(2𝜎𝐽𝐾 + 𝐶2)

(𝜇𝐽
2 + 𝜇𝐾

2 + 𝐶1)(𝜎𝐽
2 + 𝜎𝐾

2 + 𝐶2)
 (4.4) 

where 𝜇𝐽, 𝜇𝐾, 𝜎𝐽, 𝜎𝐾 and 𝜎𝐽𝐾 are the local means, standard deviations, and cross-covariance for 

images 𝐽, 𝐾. 
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5. Edge detection methods based on generalized type-2 fuzzy logic 

systems 
 

5.1. Edge detection method based on GT2 FSs and the Morphological 

gradient 

In this section the proposed model for edge detection based on a generalized type-2 fuzzy 

inference system combined with the morphological gradient technique is presented, which is 

described in the following steps. 

1) Read the input image. The first step in the whole process is reading an input image for 

applying the edge detection method. In this case, we are only considering images with a gray 

scale. 

2) Obtain the image gradients. In this step the morphological gradient technique, described 

in Section 3.1.1 is applied, to obtain the gradients in the four directions using the eq. (3.3) and 

eq. (3.4), and then use them as the inputs for the proposed generalized type-2 fuzzy inference 

system. For this case study the inputs are represented by the gradients 𝐷𝑖 of the original image, 

and each of them will be an input to the fuzzy system.  

3) Define the input linguistic variables. For the GT2 FS four inputs are defined, in which 

each one has three Gaussian membership functions with uncertain mean. The linguistic values 

used for the four inputs are: low, medium, high. In order to adapt the membership functions to 

the range of gray tones depending on the image, we obtain the maximum, minimum and middle 

values of 𝐷𝑖 with the eqs. (5.1)-(5.3) and we use these values for calculating the mean of the 

membership functions, but adding different sizes of the FOU.  

4) Calculate the FOU for the inputs. For this task, we made tests using different sizes of the 

FOU for the 𝐷𝑖 input variables. The Gaussian membership functions for each D input are 
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obtained with the eqs. (5.12)–(5.16), and the means of each function are obtained with the eqs. 

(5.5)–(5.6). For example, for the high membership functions, the first mean was obtained with 

eq. (5.5), the second mean was calculated with eq. (5.6) and the σ value was obtained with eq. 

(5.4).   

5) Define the output. The inference system has one output S (the edge), the linguistic values 

used for the output are: edge and no_edge, and we selected the range [0, 1], since the input image 

was normalized in this range, where the minimum value for the output is represented by eq. (5.7) 

and maximum by eq. (5.8). The Gaussian membership functions for the output are obtained with 

eqs. (5.12)–(5.16), the means of each function are obtained with eq. (5.10) and (5.11) and the σ 

value with eq. (5.9).  

6) Obtain the FOU for the output. The FOU for the output variable S, was calculated in a 

similar way to the inputs variables. This is the method that we propose to adapt the parameters of 

the membership functions depending on the contrast level of each image. 

7)  In Figure 5.1 and Figure 5.2, we show the linguistic values for the variables with 

generalized type-2 membership functions, where the FOU value is 0.2 on the inputs (D1 and D2) 

and 0.25 for the output (S). We have to note that we are using a number between 0 and 1 to 

represent the size of the FOU, which of course it is only a crisp value that represents the average 

size of the footprint to model the particular problem. 
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lowi = min(Di) (5.1) 

highi = max(Di) (5.2) 

mediumi = lowi + (highi – lowi)/2 (5.3) 

σi = highi /5 (5.4) 

m1 =  highi (5.5) 

m2 = m1 + (m1*FOU), where  FOU is in (0, 1) (5.6) 

no_edgei = 0 (5.7) 

edgei = 1 (5.8) 

σi = edge/4 (5.9) 

m1 = edgei (5.10) 

m2 = m1 +(m1*FOU), where  FOU is in (0, 1) (5.11) 

 

Figure 5.1 GT2 input membership functions for the variables D1 and D2 

 

 

Figure 5.2 GT2 output membership function for the variable S 
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μ̃(x, u) = gausmgausstype2(x, u, [σx, m1, m2]) (5.12) 

where “gausmgausstype2” stands for  Gaussian generalized type-2 membership 

function with uncertain mean 
 

μ̃(x) = [μ(x), μ̅ (x)] (5.13) 

          = igausmtype2(x, [σx, m1, m2])  

where “igausmtype2” stands for Gaussian interval type-2 membership function 

with uncertain mean 
 

mx = 
m1 + m2

2
 

(5.14) mx = 
m1 + m2

2
 

σu = 
δ

2√6
+ ε 

px = gaussmf(x, [σx, mx]) = exp [−
1

2
(
x − mx

σx
)
2

] (5.15) 

μ̃(x, u) = gaussmf(u, [σu, px]) 

             = exp [−
1

2
(
x − px
σu

)
2

] 
(5.16) 

       

8) Fuzzy inference rules. For modeling the process with the fuzzy system, we consider three 

rules (Table 5.1) that help to describe the existing relationship between the image gradients. The 

fuzzy rules are the following. 

Table 5.1 Fuzzy rules for the MG + GT2 FSs edge detection 

Inputs Output 
Operator 

D1 D2 D3 D4 S 

high high high high edge or 

medium medium medium medium edge or 

low low low low no_edge and 

 

5.2. Edge detection method based on GT2 FSs and the Sobel operator 

In this section the edge detector based on generalized type-2 fuzzy logic and the Sobel 

operator is described. The fuzzy approach for edge detection based on the Sobel operator 

consists in using the eq. (3.8) and eq. (3.9) to obtain the gradients in the two directions, and then 
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use them as inputs for an appropriately define the fuzzy inference system. The methodology to 

obtain this edge detection method is defined as follows. 

1) Define the inputs. For the generalized type-2 fuzzy inference system, two inputs are 

required, which are the gradients with respect to the x-axis and y-axis, calculated with the eq. 

(3.8) and (3.9), for this case study we call them 𝐷𝐻 and 𝐷𝑉 respectively. For all the inputs and 

output fuzzy variables, the fuzzy sets are defined by Gaussian membership functions with 

uncertain mean. In the input membership functions we used three linguistic values: low, middle 

and high; the parameters of the membership functions depend on the gradients of the image to 

use for the experiment.  

2) Define the output. The output (EDGES) is represented by the linguistic values: 

background and edge. The EDGES output variable is used to find and normalize the edges to any 

range of required values; which also has been adjusted to have a range between -4.5 and 5, since 

it is the better range of values to normalize the edges matrix. In Figure 5.3, the general structure 

of the proposed edge detection system is shown. 

3) Fuzzy rules. For modeling the process with the fuzzy system, we consider three fuzzy 

rules that allow to evaluate the input variables; such that, the output image displays the edges of 

the image in color near white (high tone or EDGE), whereas the background was in tones near 

black (low tone or background), these rules were obtained based on expert knowledge and after 

performing several experiments. The fuzzy rules are presented in Table 5.2. 

 Table 5.2 Knowledge base of fuzzy rules for the Sobel + GT2 FSs edge detection 

Inputs Output 
Operator 

DH DV EDGES 

high high edge or 

medium medium edge or 

low low background and 
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5.3. Generalized type-2 fuzzy edge detection method applied on color 

images 

In this section, an application on digital image processing using fuzzy systems applied on 

color images is presented. The idea is to develop a color image edge detector based on the Sobel 

operator combined with the generalized type-2 fuzzy systems. The proposed fuzzy color edge 

detection method consists of the following steps. 

 

Figure 5.3 Generalized type-2 fuzzy inference system for edge detection 

 

 

Figure 5.2 (Corregir figura) 
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1) The input color image (I) is separated into (𝑑, 𝑓𝑜𝑟 𝑑 = 1, . . . ,3) dimensions which 

represent the red, green and blue channels. 

2) The Sobel operator is applied in each single channel to generate the horizontal gradients 

(𝑔𝑥𝑑) and vertical gradients (𝑔𝑦𝑑); these gradients are calculated by the pseudocode defined in 

Section 3.1.3, and specifically with the steps 2 to 10.  

3) The six gradients previously obtained are indentified as (𝑔𝑥1, 𝑔𝑦1, 𝑔𝑥2, 𝑔𝑦2,

𝑔𝑥3,  𝑔𝑦3) and these are used as the inputs in the generalized type-2 FSs. 

4) Define the inputs for the GT2 FSs. The general structure of the fuzzy system consists in 

six inputs; the inputs are fuzzified by Gaussian membership functions which are granulated in 

three linguistic values labeled as low, middle and high. A sample of the input GT2 MFs are 

shown in Figure 5.4. 

5) Define the outputs. The GT2 FSs consists in three outputs, which represent the gradient 

magnitude for each color image dimension (𝐺𝑑). The outputs also are fuzzified using Gaussian 

membership functions, but these are granulated in two linguistic values (background and edge). 

The combination of the three outputs generates the color edge detector. The output GT2 MFs is 

shown in Figure 5.5. 

6) Obtain the fuzzy rules. After that the inputs and outputs membership functions were 

defined, and the next step was to design the fuzzy rules; so, these were designed considering 

different combinations of the gradients (𝑔𝑥1, 𝑔𝑦1, 𝑔𝑥2, 𝑔𝑦2, 𝑔𝑥3,  𝑔𝑦3) and to produce the 

gradient magnitude for each image dimension (𝐺1 , 𝐺2  , 𝐺3). In our proposal, the fuzzy rules were 

separately combined according with the color image dimension. In order to improve the fuzzy 

edge detection, diverse combinations of rules were made. After several tests, the best 

performance was obtained by the set of rules presented in Table 5.3; these fuzzy rules represent 
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the knowledge about the edge detection process. The general idea is to achieve good results with 

a minimum number of rules. 

 

Table 5.3 Fuzzy rules of the Sobel + GT2 FSs edge detection for color images 

Inputs Outputs 
Operator 

gx1 gy1 gx2 gy2 gx3 gy3 G1 G2 G3 

low Low -- -- -- -- background -- -- and 

middle middle -- -- -- -- edge -- -- or 

high high -- -- -- -- edge -- -- or 

-- -- Low low -- -- -- background -- and 

-- -- middle middle -- -- -- edge -- or 

-- -- High high -- -- -- edge -- or 

-- -- -- -- low low -- -- background and 

-- -- -- -- middle middle -- -- edge or 

-- -- -- -- high high -- -- edge or 

 

Figure 5.4 GT2 input membership functions for the variables 𝒈𝒙𝟏 and 𝒈𝒙𝟐 

 

 

Figure 5.5 GT2 output membership functions for the variable G1 
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In more detail the generalized type-2 fuzzy inference system is a singleton Mamdani-type, 

this was approximated by using α-planes [38, 39] and the type-reduction process was performed 

with the Centroid method [34]. Each α-plane Centroid was computed by the Karnik–Mendel 

algorithm [40]. 

5.4. Edge detection method using GT2 fuzzy images 

5.4.1. Fuzzy synthetic images 

An image can be represented as a two-dimensional function, f(x, y), where f(x, y) is known 

as the intensity or gray value at a point (x, y). In order to process images with a digital computer, 

they need to be digitized first. The process of digitization involves sampling and quantization. 

The image needs to be sampled at 𝑚 𝑥 𝑛 discrete array points. Usually, images are quantized in 

256 discrete levels. With 256 discretization levels, a 0 represents black, a 255 represents white, 

and in-between values represents different gray tones [1]. 

The representation for a digitized image function is expressed in Figure 5.6. Note that a 

digital image is composed of a finite number of elements; these elements are referred to as 

pixels. In Figure 5.7 the numerical pixel value for a grayscale image is shown [59]. 

𝑓(𝑥, 𝑦) = [

𝑓(1,1) 𝑓(1,2) ⋯ 𝑓(1,𝑁)

𝑓(2,1) 𝑓(2,2) ⋯ 𝑓(1,𝑁)
⋮

𝑓(𝑀, 1)
⋮

𝑓(𝑀, 1)

 
⋯

⋮
𝑓(𝑀, 𝑁)

] 

𝑓(𝑥, 𝑦) =

[
 
 
 
𝑓1,1 𝑓1,2 ⋯ 𝑓1,𝑛

𝑓2,1 𝑓2,2 ⋯ 𝑓1,𝑛
⋮

𝑓𝑚,1

⋮
𝑓𝑚,1

 
⋯

⋮
𝑓𝑚,𝑛]

 
 
 

 

Figure 5.6 Digital image representation 
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(a) 

224 181 129 111 101 

118 73 67 66 61 

86 70 66 63 59 

171 74 67 63 57 

251 194 74 62 46 

(b) 

Figure 5.7 (a) Synthetic digital image, (b) Numerical pixel value representation of Figure 5.7(a) 

 

In our approach the idea is to apply the edge detector on fuzzy images. The image 

fuzzification process is performed using T1, IT2 and GT2 membership functions which is 

described below. 

5.4.1.1. Fuzzy images using type-1 membership functions 

For the T1 fuzzy images, all pixels are classified with different membership values. These 

fuzzy values or fuzzy pixels are obtained using a triangular membership function (Figure 5.8) 

which is expressed in eq. (5.17). According to the membership degrees, a sample of the fuzzy 

pixels assigned by eq. (5.17) are shown in Figure 5.9. 

𝜇𝐴(𝑥) =
𝑥

𝑚𝑎𝑥(𝐴)
 

(5.17) 
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Figure 5.8 Triangular Type-1 Membership Function 

 

0.88 0.71 0.51 0.44 0.40 

0.46 0.29 0.26 0.26 0.24 

0.34 0.27 0.26 0.25 0.23 

0.67 0.29 0.26 0.25 0.22 

0.98 0.76 0.29 0.24 0.18 

 

Figure 5.9 Type-1 fuzzy pixel value representation of Figure 5.7(a) 

 

5.4.1.2. Fuzzy images using interval type-2 membership functions 

For the IT2 fuzzy images, the fuzzy pixels are obtained by using an IT2 triangular MF 

(Figure 5.10) which is expressed in eq. (5.18). An example of the IT2 fuzzy pixels are shown in 

Figure 5.11 and we can note that each pixel is represented by an interval value.  

𝜇𝐴̃(𝑥) = [
𝑥

𝑚𝑎𝑥(𝐴)
,

𝑥

𝑚𝑎𝑥(𝐴)
] 

(5.18) 

 



35 
 

 

Figure 5.10 Triangular interval type-2 membership function 

 

 

 

5.4.1.3. Fuzzy images using generalized type-2 membership functions 

To obtain the GT2 fuzzy images, a GT2 MF with triangular on the primary MF and 

Gaussian in the secondary MF (Figure 5.12) is used. The fuzzifier process is denoted in eq. 

(5.19). The fuzzy pixels assigned by eq. (5.19) are illustrated in Figure 5.13. The interesting part 

in this definition is that each pixel is represented by a Gaussian MF; so, it permits better 

modeling of the uncertainty that could exist in a pixel, when this is corrupted by noise. 

[0.18, 0.26] [0.54, 0.63] [0.93, 1] [0.79, 0.87] [0.71, 0.79] 

[0.88, 0.92] [0.49, 0.57] [0.45, 0.52] [0.45, 0.52] [0.4, 0.47] 

[0.60, 0.67] [0.47, 0.55] [0.45, 0.52] [0.42, 0.49] [0.38, 0.46] 

[0.63, 0.71] [0.50, 0.58] [0.45, 0.52] [0.42, 0.49] [0.35, 0.43] 

[0, 0.04] [0.43, 0.52] [0.50, 0.58] [0.4, 0.47] [0.28, 0.36] 

Figure 5.11 IT2 fuzzy pixel value representation of Figure 5.7(a) 



36 
 

𝜇𝐴̃̃(𝑢) =
𝜇(𝑥, 𝑢)

𝑆𝑢𝑝𝑢(𝜇(𝑥, 𝑢))
 (5.19) 

 

 

Figure 5.12 Generalized type-2 membership function 

 

 

Figure 5.13 Generalized T2 fuzzy pixel value representation of Figure 5.7(a) 
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5.4.2. The fuzzy Euclidean distance 

The Euclidean distance between two crisp points, is commonly used to find the similarity 

between two images. If one of the images is assigned as reference of correctly detected edges, 

the Euclidean distance can be a quality measure of the detected edges of another image and is 

commonly used in the edge detection methods which are based in the gradient technique to find 

the similarity between two points.  

As the proposal presented in this section consists in develop a new edge detection method 

based in the gradient technique but applied on fuzzy images, we need to use the Euclidean 

distance for type-1 and interval type-2 fuzzy sets, which are expressed as follows. 

Let the fuzzy sets A, B in 𝑋 = {𝑥1, 𝑥2, ⋯ , 𝑥𝑛} the Euclidean distance 𝐸(𝐴, 𝐵) for type-1 

fuzzy sets is defined by eq. (5.20) and for the interval type-2 is expressed in eq. (5.21) [63-65]. 

𝐸(𝐴, 𝐵) =  √∑(𝜇𝐴(𝑥𝑖) − 𝜇𝐵(𝑥𝑖))
2

𝑛

𝑖=1

 (5.20) 

𝐸(𝐴, 𝐵) = √(𝜇𝐴 − 𝜇𝐵)
2

+ (𝜇
𝐴
− 𝜇

𝐵
)
2
 (5.21) 

 

5.4.3. Edge detection method applied on fuzzy images 

In this Section a new edge detection method applied on fuzzy images is presented. The 

proposed approach is applied on digital images; these images are fuzzifier using first type-1 

fuzzy sets, secondly interval type-2 fuzzy sets and in thirdly generalized type-2 fuzzy sets. The 

general idea is that each numerical pixel in an image can be manipulate such as fuzzy number. 

Due is because when an image is captured by an image acquisition hardware; there exist several 

factors that can add uncertainty to the image more specifically in each pixel by variation of 
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brightness or color information. Because we are not sure if the pixel value is precise we can add 

uncertainty and manipulate this pixel such a fuzzy pixel. 

In this edge detection method the gradients are obtained using the morphological gradient 

approach presented in Section 3.1.1; but, due the fact that in our proposal the idea is work with 

fuzzy images, in the methodology we implement the concepts of fuzzy images and fuzzy 

Euclidean distance presented at the beginning of this Section. For more detail, to implement this 

novel approach we present a pseudocode below; in which the pixel is fuzzifier using a 

generalized type-2 membership function (trigausstype2), but for a type-1 or an interval type-2 the 

membership function can be change by a "trimf" or "itritype2" according to the fuzzy type set 

used. 

Pseudocode to calculate the gradient magnitude (12) for a GT2 fuzzy image (𝐼) 

Input. The gray scale digital image (𝐼)  

Output. The four gradients 𝐸𝐷𝑖  where i=1...4, and the output fuzzy edge (FE)  

1. Obtain the r (rows) and c (columns) of the input image (𝐼) 

2. [r, c]= size (I) 

3. Calculate the 𝐸𝐷𝑖  gradients for i=1...4 

4. for x=2 to r-1 

5. for y=2 to c-1 

6. Fuzzifier the pixels using GT2 membership functions to obtain the coefficients 𝑧𝑘, (k=1...9) 

7. 

𝑧𝑘 = 𝑡𝑟𝑖𝑔𝑎𝑢𝑠𝑠𝑡𝑦𝑝𝑒2((𝐼𝑥+𝑖−2,   𝑦+𝑗−2 ), 𝑢, [𝑎1, 𝑏1, 𝑐1, 𝑎2, 𝑏2, 𝑐2, 𝑟ℎ𝑜] ),  

∀ 𝑖 = 1⋯3, 𝑗 = 1⋯3, 𝑘 = 𝑖 ∙ 𝑗 

where “trigausstype2” stands for  a generalized type-2 membership function (GT2 MF) with 

triangular in the primary and Gaussian in the secondary membership function. The variables 

𝑎1, 𝑏1, 𝑐1, 𝑎2, 𝑏2, 𝑐2 𝑎𝑛𝑑 𝑟ℎ𝑜, are the parameters to calculate this GT2 MF. 
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8. Obtain the gradients using  the fuzzy Euclidean distance eq. (5.20) 

9. 𝐸𝐷𝑖 = √(∑(𝑧5 − 𝑧𝑖)
2) + (∑(𝑧5 − 𝑧9−𝑖+1)

2), ∀ 𝑖 = 1 ⋯4  

10. end 

11. end 

12. Calculate the output edge (FE) 

13. 𝐹𝐸 = ∑𝐸𝐷𝑑

𝑑=3

𝑑=1
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6. Generalized type-2 fuzzy edge detection applied on a face 

recognition system 

This section consists in two parts; first we are presenting the methodology to develop a GT2 

fuzzy edge detection method, and in this proposed method we are including the low-pass and 

high-pass filters. Secondly, the fuzzy edge detector is applied on a face recognition system. 

6.1. Generalized type-2 fuzzy edge detection method using the Sobel 

operator and filters 

The general structure used to obtain the fuzzy edge detector is illustrated in Figure 6.1. The 

steps to calculate an edge is defined as follows; first we select the input image (𝐼), secondly, we 

calculate the horizontal 𝑔𝑥 in eq. (3.8) and vertical 𝑔𝑦 in eq. (3.9) gradients of the image using 

the Sobel operator which as explained in Section 3.1.2, in the third step the low-pass and high-

pass filters are calculated by using eq. (3.11) and (3.13). Finally, the 𝑔𝑥, 𝑔𝑦, 𝑙𝑜𝑤𝑃𝐹 and ℎ𝑖𝑔ℎ𝑃𝐹 

values are used as the inputs for the GT2 FS to obtain the output edge. 

 

Figure 6.1 Edge detection method improved with a GT2 FSs, Sobel operator and low and high pass filters 
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The GT2 FS was designed with four inputs and one output. The inputs are the values 

obtained by 𝑔𝑥 in eq. (3.8), 𝑔𝑦 in eq. (3.9), 𝑙𝑜𝑤𝑃𝐹 in eq. (3.11) and ℎ𝑖𝑔ℎ𝑃𝐹 in eq. (3.13) 

respectively; each input was granulated in three membership functions with the linguistic values 

(low,  middle and high); moreover, the GT2 FS has one output which is labeled as OuputEdge; 

the output represents the fuzzy gradient magnitude (edge).  

The input and output membership functions used in the GT2 FSs are shown in Figure 6.2 

and 6.3 respectively. 

 

Figure 6.2 Input membership functions using in the GT2 FS edge detection 

 

 

Figure 6.3 Output membership function using in the GT2 FS edge detection 
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The knowledge base of the fuzzy rules used in the fuzzy inference system were obtained 

based on expert knowledge and after several experiments and the values are presented in Table 

6.1. 

Table 6.1 Fuzzy rules for GT2 fuzzy edge detection method applied on the face recognition system 

Inputs Output 
Operator 

gx gy lowPF highPF OutputEdge 

low low -- -- high and 

middle middle -- -- low and 

high high -- -- low and 

middle -- low  high and 

middle   low low and 

-- middle low  high and 

-- middle -- low low and 

 

The previous fuzzy rules are used to infer the gray tone of each pixel for the image with the 

following reasoning. 

In the first rule when the horizontal gradient 𝑔𝑥 and vertical gradient 𝑔𝑦 are low means that 

there is no difference between the gray tones in its neighbors pixels, then the output pixel must 

belong to a homogeneous or not edges region, and then the output pixel is high.  

In the second and third rule when 𝑔𝑥 and 𝑔𝑦 are high means that a difference there exists 

between the gray tones in its neighborhood, then the output pixel is low or in this case represents 

an EDGE. 

6.2. Face recognition system based on a monolithic neural network 

As already mentioned above, one of the main goals of this thesis is to apply the fuzzy edge 

detector presented in this Section in a pattern recognition system using Monolithic Neural 

Networks. 
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The general structure used for the pattern recognition system is shown in Figure 6.4 and is 

explained in more detail the following steps. 

A. Define the input image databases.  

In the experiment three different face databases were used for testing, the ORL [66], the 

Cropped Yale [67-68] and FERET [69]. 

B. Detect the edges of each image. 

The edge detection process was performed using the GT2 fuzzy edge detector described 

above in this Section. 

C.  Training the monolithic neural network. 

After applying the edge detection, the images are used as inputs of the neural network. In 

order to evaluate more objectively the recognition rate a k-fold cross validation method was 

used. The training process is defined as follows. 

1. Define the parameter for the monolithic neural network [55].  

 Hidden layers: two 

 Neuron number in each layer: 200 

 Learning algorithm: Descent gradient with momentum and adaptive learning. 

 Goal error: 1e-4. 

2. The indices for training and testing the k-folds were calculated as follows. 

 Define the people number (𝑝). 

 Define the sample number for each person (𝑠). 
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 Define the k-folds (𝑘 = 5). 

 Calculate the number of samples (𝑚) in each fold by using eq. (6.1) 

𝑚 = (𝑠 𝑘⁄ ) ∙ 𝑝 (6.1) 

 The train data set size (𝑖) is calculated with eq. (6.2) 

𝑖 = 𝑚(𝑘 − 1) (6.2) 

 Finally, the test data set size is calculated with eq. (6.3), are the samples number 

in only one fold. 

𝑡 = 𝑚 (6.3) 

 The train and test set obtained for the three face databases used in this work are 

shown in Table 6.2. 

3. The neural network was trained k-1 times, one for each training fold previously 

calculated. 

4. The neural network was tested k times, one for each fold test set previously calculated. 

The mean of the rates of all the k-folds are calculated to obtain the recognition rate. 

Table 6.2 Information for the tested face databases  

Database 

People 

number 

(p) 

Samples 

number 

(s) 

Fold 

size 

(m) 

Training 

set size 

(i) 

Test 

set size  

(t) 

ORL 40 10 80 320 80 

Cropped Yale 38 10 76 304 76 

FERET 20 10 40 160 40 
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Figure 6.4 General structure for the face recognition system 
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7. Experimentation and results discussion 

For an objective evaluation of the proposed fuzzy edge detection methods it is necessary to 

choose a ground truth image with known ideal edges because the method takes them as reference 

to compare with the detected edges. Some authors use synthetic images [17, 52] for the results 

validation, and this is a good strategy because with the computer we can generate the image 

edges with some mathematical functions and we can use it as the reference for the ideal edges 

(Figure 4.2); then using the same function, the computer can generate a filled image and we can 

use it as a simulation of a realistic image (Figure 4.1).  

In order to evaluate the performance achieved by the proposed edge detection methods, for 

the simulation we perform the experiments using synthetic images which were built by plotting 

eleven mathematical functions as original images and as ground truth reference for the ideal 

edges. In Table 7.1 the synthetic and reference images are presented. In the experimental results 

we also use a benchmark database of real images, which are shown in Table 7.2; these were 

obtained from the USC-SIPI database [66]. 

This section provides a comparison analysis of the edge detection accuracy and noise 

robustness of the proposed edge detection methods based on GT2 FSs, which were presented in 

Section 5; besides this, the values obtained by the GT2 fuzzy edge detection methods are 

compared against the results achieved by the T1 and IT2 fuzzy edge detection methods.  

Additionally, in this section we also present a comparative analysis with the recognition 

rates achieved by the GT2 against the results obtained by T1 and T2 fuzzy edge detectors; when 

these are applied on a face recognition system. 
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Table 7.1 Synthetic images for the simulation results 

Image 

Number 
Synthetic images Reference images 

1 

  

2 

  

 3 

 

 

4 

 

 

5 

  

6 

  

7 

  

8 

  

9 
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10 

  

11 

  

Table 7.2 Real color images database 

Real images 

 

 

 

 

  

 

7.1. Generalized type-2 fuzzy systems combined with the Morphological 

gradient 

In this section the experimental results about the edge detection method based on GT2 FSs 

and MG technique are presented. The methodology about this fuzzy edge detection method was 

explained in Section 5.1 and the images used for these tests can be find in Tables 7.1 and 7.2. 
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For all the images the morphological gradient was obtained with eq. (3.3) and eq. (3.4). In 

the implementation of the generalized type-2 system (GT2 FSs) the gradients obtained with eq. 

(3.4) are used as inputs and the fuzzy system was build using the membership functions 

presented in Figures 5.1 and 5.2. For measuring the quality of detected edges, the figure of merit 

of Pratt (FOM) was used (described in Section 4.1). 

In this thesis to approximate the GT2 FSs the α-planes theory was used (described in Section 

2.2); for this reason, the first experiment was performed varying the number of α-planes 

necessary to approximate the output. The number of α-planes used in this test were considered to 

be with values of 5, 10, 50, 100, 150, 200 and 1000. Is important to mention that this test was 

applied only for the first image of Table 7.1 (Sphere). 

The results of this comparison are shown in Table 7.3. In Table 7.3 can be noted that in 

images without noise, the obtained FOM value was of 0.9554 for all number of α-planes, but in 

images with noise, a variation in the metric values is observed, for images with noise level of 

0.001 the metric value was of 0.9382 with 50 α-planes, and for images with noise level of 0.002 

the best value obtained was 0.9319 applying for this case 100 α-planes. 

Table 7.3 Simulation results obtained by MG + GT2 FSs varying the number of α-planes 

α-planes 

Number 

FOM 
Noise Level 

0 0.001 0.002 

5 0.9554 0.9267 0.9295 

10 0.9554 0.9211 0.9306 

50 0.9554 0.9382 0.9283 

100 0.9554 0.9292 0.9319 

150 0.9554 0.9291 0.9151 

200 0.9554 0.9291 0.9093 

1000 0.9554 0.9223 0.9004 
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Due to the fact that for different number of α-planes similar FOM values were obtained, the 

rest of the experiments were performed using only five α-planes, this in order to minimize the 

computer time. 

In the second test the MG + GT2 FSs method was applied on the first ten synthetic images 

presented in Table 7.1. In order to make a comparison anlysis with another type of fuzzy 

systems, the experiments were also performed using the MG + IT2 FSs [16-18], MG + T1 FSs 

[18] and of course the traditional MG technique. The T1 and IT2 FSs were improved using a 

similar methodology presented in Section 5.1, same number of inputs and outputs, same fuzzy 

rules and type reducer method. For more detail on the comparison results about the four edge 

detection methods the results are presented in Table 7.4. 

Table 7.4 FOM values for edge detection method using MG + GT2 FSs, MG + IT2 FSs, MG + T1 FSs and MG 

applied on synthetic images 

Image 

number 

FOM VALUES 

MG + 

GT2 FSs 

MG + 

IT2 FSs 

MG + 

T1 FSs 
MG 

1 0.9536 0.9494 0.9493 0.8165 

2 0.9446 0.9440 0.9437 0.8531 

3 0.9448 0.9368 0.9336 0.8605 

4 0.9495 0.9481 0.9394 0.9197 

5 0.9402 0.9399 0.9399 0.8982 

6 0.9525 0.9496 0.9523 0.8636 

7 0.9435 0.9432 0.9432 0.8676 

8 0.9431 0.9422 0.9408 0.8837 

9 0.9557 0.9520 0.9515 0.7921 

10 0.9475 0.9447 0.9438 0.8528 

Mean 0.9475 0.9450 0.9438 0.8608 

Stdev 0.0051 0.0048 0.0059 0.0369 
 

According with the results presented in Table 7.4, we can notice that the best results were 
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achieved when the MG + GT2 FSs was applied. Beside this, the MG + IT2 FSs improved on the 

results obtained by the MG + T1 FSs. In general we can observe that the fuzzy edge detection 

methods were better that the traditional MG technique. A plot about these results is shown in 

Figure 7.1; otherwise, in Table 7.5 a sample of the output edges obtained by the four 

methodologies are illustrated; in which for better appreciation, the background was plotted in 

white color and black in the detected edge. 

 

Figure 7.1 Simulations results of the edge detection methods using MG + GT2 FSs, MG + IT2 FSs, MG + T1 

FSs and MG applied on synthetic images 

 

The experiments were also performed applying Gaussian noise with levels between 20 

and 50 dbi's. In the simulation results for these experiments we included the MG + T1 FSs, 

MG + IT2 FSs and MG methods. The results presented in Table 7.6 represent the mean of all 

the FOM values achieved by each synthetic image of Table 7.1, when the different noise 

levels were applied. 
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Table 7.5 Edge detection outputs using MG, MG + T1 FSs, MG + IT2 FSs and MG + GT2 FSs  

MG 
MG + T1 

FSs 

MG + IT2 

FSs 

MG + GT2 

FSs 

    

    

    

    

 

Based on the results of Table 7.6, we can analyze that the FOM values achieved by the MG + 

IT2 FSs edge detection were better than the MG + T1 FSs with mean values of (0.7425, 0.9374, 

0.9434, 0.9460); as well as the values obtained by the MG + GT2 FSs improved on the results 

reached by the MG + IT2 FSs for all the dbi's levels, where the mean values are (0.7523, 0.9408, 

0.9455, 0.9469). In the other hand, the lowest values were obtained by the traditional MG, this is 

because the traditional technique does not consider any parameters to prevent noise or regions 

with very low or high contrast. 
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Table 7.6 Edge detection method using MG + GT2 FSs, MG + IT2 FSs, MG + T1 FSs applied on synthetic 

images with Gaussian noise 

Edge 

Detector 

FOM VALUES 

DBI’s 

20 30 40 50 

Mean Stdev Mean Stdev Mean Stdev Mean Stdev 

MG 0.6243 0.1130 0.7663 0.0316 0.8278 0.0319 0.8545 0.0324 

MG + T1 FSs 0.7382 0.1235 0.9374 0.0186 0.9435 0.0090 0.9442 0.0074 

MG + IT2 FSs 0.7425 0.1245 0.9374 0.0184 0.9434 0.0086 0.9460 0.0047 

MG + GT2 FSs 0.7523 0.1172 0.9408 0.0152 0.9455 0.0056 0.9469 0.0047 

 

In another test, three fuzzy edges detection methods based on MG + T1 FSs, MG + IT2 FSs 

and MG + GT2 FSs are now applied to the real images database found in Table 7.2. We can 

observe in Table 7.2 that for these images, we do not have the ideal edges or reference images, 

which are important to calculate the FOM metric; for this reason, in these experiments first the 

ideal edges were obtained using the traditional Morphological gradient technique; after that we 

applied Gaussian noise on all images and finally the output edges are calculated with the fuzzy 

edge detection methods. The FOM values achieved in this test are presented in Table 7.7 were 

these results represent the mean of the six images of Table 7.2.  

In Table 7.7, again we can analyze that the MG + IT2 FSs improved on the results obtained 

by the MG + T1 FSs with mean values of (0.8038, 0.9690, 0.9748, 0.9733). Otherwise, the  MG 

+ GT2 FSs mean values (0.8380, 0.9799, 0.9838, 0.9839) were better that the MG + IT2 FSs; the 

main reason is that the uncertainty in edge detection is modeled more closely with GT2 FSs; in 

other words, the GT2 FSs allows for better modeling of uncertainty, because it gives more 

degrees of freedom in comparison to T1 and IT2 FSs. The behavior about these results are shown 

graphically in Figure 7.2. In Table 7.8, examples of output edges are shown after performing the 

simulation with the already mentioned fuzzy edge detection methods; these samples were 

obtained on images with a noise level of 50 dbi's. 
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Table 7.7 Edge detection results using MG + GT2 FSs, MG + IT2 FSs, MG + T1 FSs applied on real images with 

Gaussian noise 

Edge 

detection method 

FOM VALUES 

DBI’s 

20 30 40 50 

Mean Stdev Mean Stdev Mean Stdev Mean Stdev 

MG + T1 FSs 0.7905 0.0825 0.9620 0.0331 0.9705 0.0202 0.9685 0.0249 

MG + IT2 FSs 0.8038 0.0723 0.9690 0.0208 0.9748 0.0143 0.9733 0.0155 

MG + GT2 FSs 0.8380 0.0672 0.9799 0.0075 0.9838 0.0051 0.9839 0.0048 

 

 

Figure 7.2 Simulation results about edge detection methods using MG + GT2 FSs, MG + IT2 FSs, MG + T1 FSs 

applied on real images with Gaussian noise 

  

Table 7.8 Output edge detection using MG + T1 FSs, MG + IT2 FSs and MG + GT2 FSs for real images with 

noise level 

MG + T1 FSs MG + IT2 FSs MG + GT2 FSs 
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7.2. Generalized type-2 fuzzy systems combined with the Sobel operator 

In this section the simulation results about the edge detection method based on GT2 FSs and 

the Sobel technique are presented. The steps to develop this fuzzy edge detection method are 

described in Section 5.2. All the experiments implemented in this section were applied on the 

image databases presented in Tables 7.1 and 7.2. 
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In the first test, the edge detection process was performed using the Sobel + IT2 FSs method 

and it was applied on the ten synthetic images (Table 7.1). This method (Sobel + GT2 FSs) is 

designed with a similar structure to the GT2 FSs (which was described in Section 5.2), based on 

the same inputs, outputs and fuzzy rules. For this test we selected arbitrary values for the 

Footprint of Uncertainty (FOU); the FOU is varied in the range between 0 and 1. For a better 

analysis of the detected edges, the metric of Pratt (FOM), described in Section 4.1 is applied. The 

mean of the metric values obtained after the simulation of the ten synthetic images is presented 

in Table 7.9. It can be observed that the measurements obtained with the FOM given by eq. (4.1) 

are better when a FOU value of 0.8 is used, where a FOM of 0.9606 is obtained. As mentioned 

previously, a FOM close to one means that the detected edge has good quality. 

The trend of the FOM values in Table 7.9 is such that as the FOU factor is increased, the 

values of the FOM also increase. These changes can be explained as follows: different FOU's 

represent different levels of uncertainty and there should be an optimal level of uncertainty for 

modeling the image; however, after the execution of the ten experiments, with a FOU factor of 

one, the FOM value was lower, and this means that the problem reaches its point of 

generalization and does not need more uncertainty level or has reached its optimum level.  

In the simulation results when using a FOU value of 0, the T1 FSs is simulated, where a 

FOM of 0.9321 is obtained. Based on these results it can be noted that the edge detector obtained 

using IT2 FSs is better that the edge detector obtained with T1 FSs. In the example of Figure 7.3, 

the changes on the IT2 membership functions with different values of the FOU are shown. 
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Table 7.9 Simulation results with variation in the FOU for the Sobel + IT2 FSs 

FOU factor 
Pratt’s (FOM) 

Mean 

0 0.9321 

0.2 0.9352 

0.4 0.9413 

0.6 0.9504 

0.8 0.9606 

1.0 0.9598 
 

 

 

In another test, the proposed edge detector based on the Sobel + GT2 FSs is now applied 

also to the first ten synthetic images of Table 7.1. A sample of the GT2 membership functions 

with different FOU value which are considered for this case study are shown in Figure 7.4. 

 

 

 

 

 

Figure 7.3 IT2 FSs membership functions with different values of the FOU 

 

(a) FOU 0 (b) FOU 0.2 

(c) FOU 0.8 (d) FOU 1 
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The results of this simulation are shown in Table 7.10, where the best result is obtained with 

a FOU factor of 0.4 with a FOM value of 0.9618. The FOM values are very similar; however we 

noticed that when the FOU is increased, the quality of the edge detector (FOM) is decreased, this 

means that the generalized type-2 memberships functions having more degrees of freedom in the 

footprint of uncertainty, for this case study, they reach the optimum level when they have a 

support with a FOU factor of 0.4. 

 

 

 

 

  

Figure 7.4 DH input for different generalized type-2 fuzzy membership functions 
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Table 7.10 Simulation results with variation in the FOU value for the Sobel + GT2 FSs 

FOU factor 
Pratt’s (FOM) 

Mean 

0.2 0.9617 

0.4 0.9618 

0.6 0.9617 

0.8 0.9616 

1.0 0.9615 

 

The tests were performed using images with white Gaussian noise; the noise level added 

was between 20 and 50 dbi's. The test results of the 10 images with Gaussian noise for the Sobel 

+ IT2 FSs and Sobel + GT2 FSs are shown in Table 7.11, and for all experiments the Sobel + 

GT2 FSs was better than Sobel + IT2 FSs. 

Table 7.11 Comparative analysis of Sobel + IT2 FSs and Sobel + GT2 FSs for images with white Gaussian noise 

Edge detection 

method 

DBI’s 

20 30 50 

Mean Stdev Mean Stdev Mean Stdev 

Sobel + IT2 FSs 0.8515 0.0264 0.9114 0.0431 0.9371 0.0183 

Sobel + GT2 FSs 0.8730 0.0472 0.9340 0.0138 0.9411 0.0185 

 

In the simulation results the traditional Sobel edge detector was also applied, and in the 

same manner the metric of Pratt (FOM) is implemented to evaluate the quality of edge detection, 

the results of this simulation are presented in Table 7.12. In Table 7.12, four edge detectors are 

shown: the traditional edge detector Sobel, the Sobel + T1 FSs (obtained implicitly in simulating 

the edge detector IT2 FSs with FOU factor of 0), the Sobel + IT2 FSs and the proposed method 

Sobel + GT2 FSs; for the methods based on IT2 and GT2 FSs the means are obtained from 

Tables 7.9 and 7.10 respectively.  

Tables 7.12 and 7.13 show that the proposed method based on GT2 FSs is better than IT2 

FSs; obtaining a FOM value of 0.9617, while IT2 FSs was better than T1 FSs with a FOM value 

of 0.9495 and the traditional Sobel method is the worst with a FOM value of 0.7875. In Table 
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7.14, examples of detected edges are shown after performing the simulation with the already 

mentioned methodologies (Sobel, T1 FSs, IT2 FSs and GT2 FSs). Graphically we cannot notice 

the difference in the detected edges and for this reason the FOM metric in eq. (4.1) is applied. 

 

Table 7.12 Simulation results using Sobel, Sobel + T1 FSs, Sobel + IT2 FSs and Sobel + GT2 FSs 

Edge detection 

method 

Pratt’s (FOM) 

Mean 

Sobel 0.7875 

Sobel + T1 FSs 0.9321 

Sobel + IT2 FSs 0.9495 

Sobel + GT2 FSs 0.9617 
 

Table 7.13 Results for the t student test for the edge detection method based on Sobel+IT2 and Sobel+GT2 FSs 

Edge detection method Mean StDev Std error mean 

Sobel + IT2FLS 0.9495 0.0112 0.0050 

Sobel + GT2FLS 0.9617 0.000114 0.000051 

Results T-value = -2.44, P-value=0.036 

Based on the statistical values shown in Table 7.13, we can apply a t student test and the t 

value is of -2.44 and this has associated a p value of 0.036, which means that there is sufficient 

statistical evidence to state that there is a significant advantage in using the Sobel + GT2 FSs 

method. In other words, the difference in results shown in Table 7.13 is sufficient to say that 

generalized type-2 FSs are better than interval type-2 FSs for this process of edge detection. 

Finally, the edge detection methods based on Sobel + T1 FSs, Sobel + IT2 FSs and Sobel + 

GT2 FSs were applied on the benchmark images shown in Table 7.2. As was previously 

mentioned to apply the FOM metric a reference image or ideal edge is required, for this reason to 

perform these experiments, first the ideal edge was calculated with the traditional Sobel operator, 

secondly the images were corrupted by Gaussian noise varying the levels between 20 to 50 dbi's, 

after that the edges were calculated using the proposed GT2 FSs edge detection method. In this 

analysis of results the T1 and IT2 methodologies were also included.  
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Table 7.14 Edge detection output using Sobel, Sobel + T1 FSs, Sobel + IT2 FSs and Sobel + GT2 FSs 

Sobel Sobel + T1 FSs Sobel + IT2 FSs Sobel + GT2 FSs 

    

    

    

    

    

 

The mean of the all the FOM values achieved by each image of Table 7.2 are shown in 

Table 7.15; in this table we can analyze that the Sobel + IT2 FSs improved on the results 

achieved by the Sobel + T1 FSs with mean values of (0.9323, 0.9632, 0.9647, 0.9646); besides 

this, the Sobel + GT2 FSs was better than Sobel + IT2 FSs with mean values of (0.9437, 0.9727, 

0.9709, 0.9702). A plot of these results is shown in Figure 7.5 in which we noticed the advantage 

that exists using GT2 FSs over the IT2 FSs and T1 FSs.  
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Table 7.15 Edge detection method using Sobel + T1 FSs, Sobel + IT2 FSs and Sobel + GT2 FSs applied on real 

images with Gaussian noise 

Edge 

Detector 

FOM VALUES 

DBI’s 

20 30 40 50 

Mean Stdev Mean Stdev Mean Stdev Mean Stdev 

Sobel + T1 FSs 0.9198 0.0376 0.9596 0.0139 0.9599 0.0138 0.9607 0.0140 

Sobel + IT2 FSs 0.9323 0.0169 0.9632 0.0092 0.9647 0.0096 0.9646 0.0102 

Sobel + GT2 FSs 0.9437 0.0143 0.9727 0.0061 0.9709 0.0077 0.9702 0.0083 

 

 

Figure 7.5 Simulation results about edge detection method using Sobel + T1 FSs, Sobel + IT2 FSs and Sobel + 

GT2 FSs applied on real images with Gaussian noise 

 

7.3. Generalized type-2 fuzzy edge detection method using color images 

This section provides a comparison of the edge detection accuracy and noise robustness of 

the proposed image color edge detection method based on the Sobel operator and fuzzy systems 

(T1 FSs, IT2 FSs and GT2 FSs). The accuracy of these detectors is evaluated on a color image 

database of synthetic and real images; these images are presented in Tables 7.1 and 7.2, 

respectively. 
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The three fuzzy edges detection methods based on type-1, interval type-2 and generalized 

type-2 FSs were designed under the same conditions; the same inputs, outputs and number of 

fuzzy rules for achieving a fair comparison. The inputs, outputs and rules were obtained with the 

methodology described in Section 5.3.  

The performance is measured by means of calculating the PSNR in eq. (4.2), MSE in eq. 

(4.3) and SSIM index in eq. (4.4) respectively. Several simulations are performed, which results 

are described in detail as follows. 

7.3.1 Simulation results using synthetic color images  

In the first experiment, we apply the Sobel + T1 FSs, Sobel + IT2 FSs and Sobel + GT2 FSs 

edge detectors to five images of the synthetic images database presented in Table 7.1. In order to 

evaluate the edge detection quality obtained for these experiments; the PSNR, MSE metric and 

the SSIM index are used.  

In Table 7.16, the MSE, PSNR and SSIM values achieved by the Sobel + T1FSs edge 

detector are presented. 

Table 7.16 Simulation results using Sobel + T1 FSs color edge detection method on synthetic images 

Sobel + T1 FSs 

Image MSE PSNR SSIM 

Sphere 0.0839 10.7696 0.5457 

Doughnut 0.0973 10.1179 0.5743 

Peaks 0.0427 13.6952 0.7872 

Harmonic 0.0986 10.0614 0.5718 

Hat 0.0721 11.4181 0.7200 

 

The simulation results for the Sobel + IT2 FSs fuzzy edge detection method are shown in 

Table 7.17. Table 7.18 presents the MSE, PSNR and SSIM values obtained by the proposed 

Sobel + GT2 FSs edge detection method. 
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Table 7.17 Simulation results using Sobel + IT2 FSs color edge detection on synthetic images 

Sobel + IT2 FSs 

Image MSE PSNR SSIM 

Sphere 0.0815 10.8961 0.5472 

Doughnut 0.0943 10.2542 0.5758 

Peaks 0.0415 13.8230 0.7859 

Harmonic 0.0956 10.1971 0.5738 

Hat 0.0699 11.5560 0.7205 

 

Table 7.18 Simulation results using Sobel + GT2 FSs color edge detection on synthetic images 

Sobel + GT2 FSs 

Image MSE PSNR SSIM 

Sphere 0.0799 10.9809 0.5562 

Doughnut 0.0923 10.3501 0.5926 

Peaks 0.0396 14.0195 0.8054 

Harmonic 0.0940 10.2720 0.5844 

Hat 0.0686 11.6382 0.7324 

 

Based on the tests presented in this section, a comparative analysis was also performed. In 

Table 7.19, the averages of the measures obtained in the results of Tables 7.16, 7.17 and 7.18 are 

presented.  In Table 7.19, were included also the results achieved by the Sobel, Prewitt and 

Canny edge detectors. 

In the results of Table 7.19, we can note that the MSE (0.0766), PSNR (11.3453), SSIM 

(0.6406) values obtained with the edge detector based on Sobel + IT2 FSs are improved with 

respect to the Sobel + T1 FSs. However, the edge detector based on Sobel + GT2 FSs improves 

on the results achieved by the Sobel + IT2 FSs and the other edge detectors with a MSE value of 

0.0749, a PSNR value of 11.4521 and SSIM of 0.6542 respectively. A plot of the behavior of the 

SSIM values of Table 7.19 is presented in Figure 7.6. 
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Table 7.19 Comparison results achieved by Sobel, Prewitt, Canny, Sobel + T1 FSs, Sobel + IT2 FSs and Sobel + 

GT2 FSs color edge detectors 

Image MSE PSNR SSIM 

Sobel 0.0776 11.2087 0.4058 

Prewitt 0.0775 11.2108 0.4032 

Canny 0.0885 10.5451 0.4745 

Sobel + T1 FSs 0.0789 11.2124 0.6398 

Sobel + IT2 FSs 0.0766 11.3453 0.6406 

Sobel + GT2 FSs 0.0749 11.4521 0.6542 

 

 

In another test the synthetic images of Table 7.1, were corrupted by different Gaussian noise 

levels (20, 30, 40 and 50 dbi’s). The idea is to measure the performance of edge detectors under 

uncertainty (noise). The PSNR, MSE and SSIM values obtained by the Sobel + T1 FSs, Sobel + 

IT2 FSs and Sobel + GT2 FSs are shown in Tables  7.20, 7.21 and 7.22 respectively. 

For more details of this test; in Table 7.23, a comparative analysis is presented in which the 

averages of  Tables 7.20, 7.21, 7.22 are included and of course the results also achieved by 

Sobel, Prewitt and Canny edge detectors. 

 

Figure 7.6 SSIM value achieved by the edge detectors Sobel, Prewitt, Canny, Sobel + T1 FSs, Sobel + 

IT2 FSs and Sobel + GT2 FSs 
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Table 7.20 PSNR, MSE and SSIM values achieved by Sobel + T1 FSs under Gaussian noise in synthetic images 

Sobel + T1 FSs 

Image 
20 dbi 30 dbi 40 dbi 50 dbi 

MSE PSNR SSIM MSE PSNR SSIM MSE PSNR SSIM MSE PSNR SSIM 

Sphere 0.0669 11.7445 0.3064 0.0599 12.2275 0.3626 0.0609 12.1523 0.4301 0.0615 12.1123 0.5152 

Doughnut 0.0652 11.8548 0.3964 0.0686 11.6395 0.4189 0.0699 11.5558 0.4711 0.0706 11.5145 0.5448 

Peaks 0.0427 13.6983 0.2549 0.0275 15.6115 0.3097 0.0253 15.9641 0.4431 0.0256 15.9098 0.6865 

Harmonic 0.0733 11.3468 0.3471 0.0715 11.4547 0.3777 0.0727 11.3824 0.4324 0.0732 11.3540 0.5356 

Hat 0.0558 12.5375 0.2422 0.0507 12.9510 0.2639 0.0504 12.9762 0.3859 0.0505 12.9710 0.6269 

 

Table 7.21 PSNR, MSE and SSIM values achieved by Sobel + IT2 FSs under Gaussian noise in synthetic images 

Sobel + IT2 FSs 

Image 
20 dbi 30 dbi 40 dbi 50 dbi 

MSE PSNR SSIM MSE PSNR SSIM MSE PSNR SSIM MSE PSNR SSIM 

Sphere 0.0651 11.8637 0.3088 0.0589 12.2981 0.3644 0.0609 12.1523 0.4214 0.0610 12.1449 0.5124 

Doughnut 0.0705 11.5203 0.3845 0.0685 11.6403 0.4164 0.0694 11.5889 0.4710 0.0697 11.5654 0.5481 

Peaks 0.0418 13.7888 0.2551 0.0502 12.9936 0.2631 0.0257 15.9030 0.4307 0.0256 15.9140 0.6832 

Harmonic 0.0699 11.5560 0.3522 0.0704 11.5232 0.3798 0.0716 11.4494 0.4363 0.0722 11.4119 0.5382 

Hat 0.0457 13.4055 0.2511 0.0269 15.7031 0.3095 0.0501 12.9985 0.3739 0.0500 13.0108 0.6261 

 

Table 7.22 PSNR, MSE and SSIM values achieved by Sobel + GT2 FSs under Gaussian noise in synthetic 

images 

Sobel + GT2 FSs 

Image 
20 dbi 30 dbi 40 dbi 50 dbi 

MSE PSNR SSIM MSE PSNR SSIM MSE PSNR SSIM MSE PSNR SSIM 

Sphere 0.0507 12.9517 0.3425 0.0555 12.5602 0.3667 0.0560 12.5199 0.4304 0.0562 12.5015 0.5168 

Doughnut 0.0588 12.3087 0.4128 0.0606 12.1779 0.4361 0.0627 12.0251 0.4818 0.0632 11.9960 0.5622 

Peaks 0.0265 15.7672 0.2835 0.0219 16.5904 0.3300 0.0211 16.7571 0.4572 0.0210 16.7830 0.7009 

Harmonic 0.0587 12.3137 0.3761 0.0646 11.8949 0.3905 0.0661 11.7981 0.4458 0.0663 11.7837 0.5422 

Hat 0.0443 13.5380 0.2588 0.0449 13.4804 0.2759 0.0451 13.4616 0.3651 0.0452 13.4519 0.6231 

 

According with the information presented in Table 7.23, we can notice that under noise 

levels the Sobel + GT2 FSs achieved better MSE, PSNR and SSIM values than all others the 
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edge detectors; however, Sobel + IT2 FSs was better than Sobel + T1 FSs. Besides this, the 

Canny edge detector improved on the results achieved by Sobel and Prewitt. In Figure 7.7, the 

PSNR values of Table 7.23 for the different dbi levels are presented. 

Table 7.23 Comparison results achieved by Sobel, Prewitt, Canny, Sobel + T1 FSs, Sobel + IT2 FSs and Sobel + 

GT2 FSs color edge detectors applied on synthetic images with Gaussian noise 

Edge 

Detector 

20 dbi 30 dbi 40 dbi 50 dbi 

MSE PSNR SSIM MSE PSNR SSIM MSE PSNR SSIM MSE PSNR SSIM 

Sobel 0.1726 7.6333 0.1124 0.1686 7.7355 0.1370 0.1448 8.4041 0.1606 0.0683 11.9208 0.4954 

Prewitt 0.1708 7.6794 0.1140 0.1667 7.7851 0.1401 0.1390 8.5837 0.1647 0.0678 11.9604 0.5184 

Canny 0.1267 9.1154 0.2185 0.1221 9.2840 0.2372 0.0719 11.6468 0.3937 0.0599 12.3428 0.5759 

Sobel + 

T1 FSs 
0.0608 12.2364 0.3094 0.0556 12.7768 0.3466 0.0559 12.8062 0.4325 0.0563 12.7723 0.5818 

Sobel + 

IT2 FSs 
0.0586 12.4269 0.3103 0.0550 12.8317 0.3466 0.0555 12.8184 0.4267 0.0557 12.8094 0.5816 

Sobel + 

GT2 FSs 
0.0478 13.3758 0.3348 0.0495 13.3408 0.3599 0.0502 13.3124 0.4360 0.0504 13.3032 0.5890 

 

 

Figure 7.7 PSNR values achieved by Sobel, Prewitt, Canny, T1 FSs, IT2 FSs and GT2 FSs for synthetic images 

with Gaussian noise 
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7.3.2 Simulation results using real color images 

The three fuzzy edges detection methods based on type-1, interval type-2 and generalized 

type-2 FSs are now applied to the real color images database of Table 7.2.  

In the first test we apply the fuzzy edge detection based on Sobel + T1 FSs. In this test we 

applied different dbi's noise levels on the real color images. The MSE, PSNR and SSIM 

measures obtained by the Sobel + T1 FSs using 20, 30, 40 and 50 dbi’s values are presented in 

Table 7.24. 

Table 7.24 PSNR, MSE and SSIM values using Sobel + T1 FSs color edge detection in real color images 

Sobel + T1 FSs 

Image 
20 dbi 30 dbi 40 dbi 50 dbi 

MSE PSNR SSIM MSE PSNR SSIM MSE PSNR SSIM MSE PSNR SSIM 

House 0.0375 14.2621 0.4013 0.0293 15.3266 0.5400 0.0293 15.3314 0.6448 0.0294 15.3222 0.6850 

Pepper 0.0254 15.9510 0.3909 0.0163 17.8668 0.6125 0.0146 18.3678 0.6944 0.0149 18.2754 0.6953 

Lena 0.0229 16.3926 0.4786 0.0207 16.8481 0.6296 0.0217 16.6291 0.6638 0.0215 16.6687 0.6737 

Orangu 0.0358 14.4574 0.5208 0.0362 14.4093 0.6199 0.0375 14.2546 0.6349 0.0376 14.2479 0.6370 

Forest 0.0435 13.6115 0.3204 0.0305 15.1581 0.5161 0.0309 15.1070 0.6139 0.0302 15.2023 0.6394 

Plane 0.0278 15.5632 0.3582 0.0215 16.6758 0.5065 0.0212 16.7271 0.6388 0.0214 16.6913 0.6748 

 

In another test, the edge detector was applied using Sobel + IT2 FSs, for these experiments 

we used the same method for the images of Table 7.2 and we applied the same dbi’s noise levels.  

The MSE, PSNR and SSIM values achieved by this fuzzy edge detection method are shown in 

Table 7.25. 

Finally, we considered the experiment using our proposed edge detection method using 

Sobel + GT2 FSs. The MSE, PSNR and SSIM results are shown in Table 7.26. 
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Table 7.25 PSNR, MSE and SSIM values using Sobel + IT2 FSs color edge detection in real color images 

Sobel + IT2 FSs 

Image 
20 dbi 30 dbi 40 dbi 50 dbi 

MSE PSNR SSIM MSE PSNR SSIM MSE PSNR SSIM MSE PSNR SSIM 

House 0.0406 13.9098 0.3908 0.0294 15.3169 0.5400 0.0293 15.3267 0.6438 0.0296 15.2910 0.6804 

Pepper 0.0220 16.5759 0.4133 0.0152 18.1882 0.6239 0.0149 18.2787 0.6871 0.0146 18.3608 0.7003 

Lena 0.0228 16.4149 0.4791 0.0223 16.5208 0.6114 0.0218 16.6242 0.6676 0.0217 16.6330 0.6702 

Orangu 0.0405 13.9212 0.4912 0.0343 14.6482 0.6307 0.0379 14.2085 0.6319 0.0373 14.2805 0.6382 

Forest 0.0312 15.0596 0.3616 0.0279 15.5378 0.5266 0.0295 15.2991 0.6195 0.0291 15.3545 0.6442 

Plane 0.0281 15.5159 0.3572 0.0215 16.6741 0.5052 0.0212 16.7360 0.6396 0.0214 16.6971 0.6746 

 

Table 7.26 PSNR, MSE and SSIM values using Sobel + GT2 FSs edge detector in real color images 

 Sobel + GT2 FSs 

Image 
20 dbi 30 dbi 40 dbi 50 dbi 

MSE PSNR SSIM MSE PSNR SSIM MSE PSNR SSIM MSE PSNR SSIM 

House 0.0249 16.0463 0.4570 0.0179 17.4707 0.6266 0.0185 17.3313 0.7093 0.0187 17.2860 0.7454 

Pepper 0.0126 18.9830 0.5116 0.0100 19.9892 0.6878 0.0097 20.1345 0.7495 0.0094 20.2761 0.7631 

Lena 0.0093 20.3278 0.6387 0.0120 19.1920 0.7304 0.0128 18.9185 0.7617 0.0127 18.9772 0.7701 

Cangu 0.0157 18.0291 0.6536 0.0204 16.8970 0.7278 0.0199 17.0186 0.7572 0.0204 16.9108 0.7560 

 Forest 0.0165 17.8134 0.4281 0.0127 18.9761 0.6100 0.0126 18.9830 0.7455 0.0128 18.9355 0.7760 

Plane 0.0188 17.2549 0.4111 0.0131 18.8164 0.6077 0.0116 19.3714 0.7588 0.0127 18.9777 0.7796 

 

The averages of the simulation results obtained in Tables 7.24, 7.25 and 7.26 are presented 

in Table 7.27; moreover, in these tables are also included the results achieved by the Sobel, 

Prewitt and Canny edge detectors.  

In the results of Table 7.27 we can notice that the proposed method based on Sobel + GT2 

FSs is better than Sobel + IT2 FSs for all cases of noise levels; on the other hand, the MSE, 

PSNR and SSIM values obtained by Sobel + IT2 FSs are better than Sobel + T1 FSs. With 

regards to the other edge detectors, in this case the Sobel, Prewitt and Canny the performance 

was very similar; however these are below the fuzzy edge detectors. The performance of the 
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PSNR values described in Table 7.27 are shown in Figure 7.8, and we can appreciate that the 

PSNR values achieved by the proposed Sobel + GT2FSs edge detector are the highest.  

Table 7.27 Comparison results achieved by Sobel, Prewitt, Canny, Sobel + T1FSs, Sobel + IT2FSs and Sobel + 

GT2FSs color edge detection in real color images with Gaussian noise 

Edge Detector 
20 dbi 30 dbi 40 dbi 50 dbi 

MSE PSNR SSIM MSE PSNR SSIM MSE PSNR SSIM MSE PSNR SSIM 

Sobel 0.0478 13.2927 0.1062 0.0498 13.1087 0.1068 0.0501 13.0843 0.1066 0.0501 13.0802 0.1065 

Prewitt 0.0479 13.2894 0.1053 0.0496 13.1289 0.1059 0.0498 13.1082 0.1055 0.0499 13.1020 0.1054 

Canny 0.0505 13.0861 0.2114 0.0503 13.1247 0.2256 0.0506 13.0999 0.2245 0.0508 13.0869 0.2241 

Sobel + T1 

FSs 
0.0322 15.0396 0.4117 0.0258 16.0475 0.5708 0.0259 16.0695 0.6485 0.0258 16.0680 0.6675 

Sobel + IT2 

FSs 
0.0309 15.2329 0.4155 0.0251 16.1477 0.5729 0.0258 16.0789 0.6483 0.0256 16.1028 0.6680 

Sobel + GT2 

FSs 
0.0163 18.0758 0.5167 0.0144 18.5569 0.6650 0.0142 18.6262 0.7470 0.0144 18.5605 0.7650 

 

 

 
Based on the PNSR values shown in Table 7.27, we can apply a Wilcoxon's rank-sum test. 

In the first evaluation we considered the PSNR values obtained by the Sobel + IT2FSs and Sobel 

+ T1FSs; this has an associated 𝑝 value of 0.1; therefore, the hypothesis that the interval type-2 is 

 

Figure 7.8 PSNR value achieved by Sobel, Prewitt, Canny, T1 FSs, IT2 FSs and GT2 FSs for real 

images with Gaussian noise 
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better than type-1 is rejected because there is not sufficient statistical evidence to support this 

statement. 

In another test we considered the PSNR values achieved by the Sobel + GT2FSs and Sobel + 

T1FSs; with a 𝑝 value of 0.0143. Additionally, we applied the Wilcoxon's rank-sum test on the 

results obtained by the Sobel + GT2FSs and Sobel + IT2FSs; in the same manner the 𝑝 value was 

of 0.0143. Both results imply that there is sufficient evidence to state that there is a significant 

advantage in using the generalized type-2 Sobel method. In other words, the difference in results 

shown in Table 7.27 is sufficient statistical to say that the GT2 FS is better than interval type-2 

and type-1 fuzzy logic for this process of edge detection. 

The visual edge detection for the Sobel + T1 FSs, Sobel + IT2 FSs and Sobel + IT2 FSs 

methods are presented in Tables 7.28 and 7.29. Of course, graphically we cannot clearly 

appreciate the difference in the detected edges and for this reason the MSE and PSNR measures 

were applied, but the statistical tests support the conclusion that generalized type-2 fuzzy logic 

can outperform interval type-2 and type-1 in edge detection for color images under different 

levels of noise in the process. 

Table 7.28 Color edge detection using the Sobel + T1 FSs, Sobel + IT2 FSs and Sobel + GT2 FSs methods 

applied on real images 

Sobel + T1 FSs Sobel + IT2 FSs Sobel + GT2 FSs 
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Table 7.29 Color edge detection using the Sobel + T1 FSs, Sobel + IT2 FSs and Sobel + GT2 FSs methods 

applied on synthetic images 

Sobel + T1 FSs Sobel + IT2 FSs Sobel + GT2 FSs 
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7.4. Edge detection method applied on GT2 fuzzy images 

This section shows the simulation results obtained with the edge detection method, which is 

applied on fuzzy images; all the details about the implementation of this methodology were 

previously described in Section 5.4; therefore, a comparative analysis is presented where the 

image fuzzification process is implemented using T1, IT2 and GT2 membership functions. These 

methods were applied on the synthetic images illustrated in Table 7.1 and the accuracy achieved 

by the methods is measured with the FOM metric and the results are explained below. 

Table 7.30 shows the FOM values achieved by the edge detection method in which are 

included the traditional MG, T1 FSs, IT2 FSs and GT2 FSs; according with these results we 

noticed that the mean value of (0.9140) achieved by the IT2 fuzzy edge detection method was 
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better than the mean value of the T1 fuzzy edge detection; nevertheless, the GT2 improved on 

the results obtained by the IT2 with a better mean value of 0.9485. 

Table 7.30 FOM values achieved by the MG, T1 FSs, IT2 FSs and GT2 FSs on the fuzzy images 

Figure 

Number 

FOM Values 

Edge Detection method 

MG T1 FSs IT2 FSs GT2 FSs 

1 0.8724 0.8724 0.9296 0.9562 

2 0.8605 0.8605 0.8378 0.9464 

3 0.8982 0.8982 0.9476 0.9426 

4 0.8636 0.8636 0.9561 0.9526 

5 0.8528 0.8528 0.8758 0.9474 

6 0.8531 0.8531 0.8866 0.9450 

7 0.8676 0.8676 0.9502 0.9439 

8 0.8837 0.8837 0.9527 0.9442 

9 0.7921 0.7921 0.8477 0.9558 

10 0.9195 0.9195 0.9557 0.9511 

Mean 0.8663 0.8663 0.9140 0.9485 

 

 

After obtaining the ten experiments using the different fuzzy edge detection methods, the t 

student tests are performed, because it is necessary to find out if a significant difference exist 

when a GT2 fuzzy edge detection is applied. The t student tests are presented in Tables 7.31, 

7.32 and 7.33 respectively. The value t student test uses a distribution to prove if a hypothesis is 

null or not, the "p" value is the probability that the decision of the correct hypothesis is not valid.  

In Tables 7.31 and 7.32, the test shows that there is statistical evidence to say that there is 

significant difference in the results achieved by the GT2 FSs with respect to the T1 and IT2 FSs 

(with more than 95% confidence). Otherwise, in the tests shown in Table 7.33 significant 

differences were also observed in the results obtained with the IT2 FSs with regards to T1 FSs. 

 



75 
 

Table 7.31 Results for the t student test simulation for edge detection method based on IT2 and GT2 FSs 

Edge detection method N Mean StDev Std error mean 

IT2 FSs 10 0.9140 0.0473 0.0150 

GT2 FSs 10 0.9485 0.0050 0.0016 

Results T-value = -2.30, P-value=0.024 

Table 7.32 Results for the t student test for the edge detection method based on T1 and GT2 FSs 

Edge detection method N Mean StDev Std error mean 

T1 FSs 10 0.8663 0.0335 0.011 

GT2 FSs 10 0.9485 0.0050 0.0016 

Results T-value = -7.67, P-value=0.000 

Table 7.33 Results for the t student test for the edge detection method based on T1 and IT2 FSs 

Edge detection method N Mean StDev Std error mean 

T1 FSs 10 0.8663 0.0335 0.011 

IT2 FSs 10 0.9140 0.0473 0.0150 

Results T-value = -2.60, P-value=0.010 

7.5. Simulation results achieved by the face recognition system 

This section provides a comparison of the recognition rates achieved by the face recognition 

system when different fuzzy edge detectors were applied. 

In the experimental results several edge detectors were analyzed in which the Sobel 

operator, Sobel combined with T1 FSs, IT2 FSs and GT2 FSs are included. Besides these, the 

experiments were also evaluated without using any edge detector. 

The tests were executed using the ORL [66], the Cropped Yale [67-68] and FERET [69] 

databases; an example of these face databases is shown in Table 7.34. The parameters used in the 

monolithic neural network are described in Section 6.2.  Otherwise, the training and testing set 

that we considered in the experiments are presented in Table 6.1, and these values depend on the 

database size used. 
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Table 7.34 Face databases 

Database Examples 

ORL 

 

Cropped 

Yale 
 

FERET 

 

 

In the first test, the face recognition system was performed using the Sobel GT2 fuzzy edge 

detector. This test was applied on the ORL data set.  The mean rate, standard deviation and max 

rate values achieved by the system are shown in Table 7.35. 

Table 7.35 Recognition rate for the ORL database using Sobel GT2 fuzzy edge detector 

Fuzzy system 

 edge detector 

Mean rate 

(%) 

Standard  

deviation 
Max rate 

Sobel + GT2 
FSs 

93.67 0.01 96.50 

 

In another test, the system also considered the Cropped Yale database. The numeric results 

for this experiment are presented in Table 7.36. 

Table 7.36 Recognition rate for the Cropped Yale database using GT2 fuzzy edge detection 

Fuzzy system  

edge detector 

Mean rate 

(%) 

Standard 

deviation 
Max rate 

Sobel + GT2 
FSs 

98.11 0.03 100 

 

In another test the recognition system was applied to the FERET database, the results for this 

simulation are presented in Table 7.37. 
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Table 7.37 Recognition rate for FERET database using GT2 fuzzy edge detection 

Fuzzy system 

edge detector 

Mean rate 

(%) 

Standard 

deviation 
Max rate 

Sobel + GT2 
FSs 

87.50 0.08 92.50 

 

As part of the goals of this work, the recognition rate values achieved by the system when 

the GT2 fuzzy edge detector is used,  were compared with the results obtained when the neural 

network is trained without edge detection; also, to the Sobel operator, the Sobel edge detector 

combined with T1 and IT2 FSs. The results for the ORL, Cropped Yale and FERET databases are 

shown in Tables 7.38, 7.39 and 7.40 respectively. 

The results obtained on the ORL database are presented in Table 7.38; so, in this Table we 

can notice that the mean rate value is better when the Sobel GT2 fuzzy edge detector is applied 

with a percentage value of 93.67 and max rate of 96.50.  

Table 7.38 Recognition rate for the ORL database 

Fuzzy system 

edge detector 

Mean rate 

(%) 

Standard 

deviation 
Max rate  

None 2.59 0.0022 5.00 

Sobel 2.50 0 2.50 

Sobel + T1 FSs 87.25  0.03  91.25 

Sobel + IT2 FSs  90.75  0.04  95.00  

Sobel + GT2 FSs  93.67 0.01 96.50 

 

Otherwise, the results achieved when the Cropped Yale database is used are shown in Table 

7.39.  In this Table we observed that the best performance (mean rate) of the neural network is 

obtained when the Sobel + GT2 FSs was applied with a mean percentage rate of 98.11; 

nevertheless, we can notice than the max rate values obtained by all the fuzzy edge detectors are 

of 100. 
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Table 7.39 Recognition rate for the Cropped Yale database 

Fuzzy system 

edge detector 

Mean rate 

(%) 

Standard 

deviation 
Max rate  

None 2.83 0.00 6.57 

Sobel 2.63 0 2.63 

Sobel + T1 FSs  97.52  0.02 100 

Sobel + IT2 FSs  97.70  0.03 100  

Sobel + GT2 FSs  98.11  0.03  100 

 

Finally the recognition rates achieved by the system when the FERET database is used are 

presented in Table 7.40. These results also show that the mean rate value is better when the 

Sobel + Sobel + GT2 FSs is applied, with a mean percentage rate of 87.50 and max rate of 92.50.  

Table 7.40 Recognition rate for FERET database 

Fuzzy system 

edge detector 

Mean rate 

(%) 

Standard 

deviation 
Max rate  

None 0.8 0.02 1.00 

Sobel 1.0 0.03 1.50 

Sobel + T1 FSs  82.77  0.68  83.78 

Sobel + IT2 FSs  84.46  0.32  87.84  

Sobel + GT2 FSs  87.50 0.08 92.50 

 

Based on the simulation results presented in Tables 7.38, 7.39 and 7.40 we can conclude that 

the edge detection based on GT2 FS represent a good way to improve the performance in face 

recognition systems. 

In general, the results achieved in the simulations were better when the fuzzy edge detection 

was applied specially with the Sobel + GT2 FSs; since the results were very low when the 

monolithic neural network was applied without any edge detection method; even so, when the 

traditional Sobel edge detector was applied.  
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8. Conclusions and future work 

In summary in this work, multiple approaches for edge detection edge detection method 

based on generalized type-2 fuzzy logic has been proposed.  

In the results presented in Section 7.1 when the proposed method based on MG + GT2 FSs 

is applied, better results are obtained, and the main reason is that the uncertainty in edge 

detection is modeled more closely with generalized type 2 fuzzy logic. This is in contrast to the 

traditional morphological gradient method, or even its type-1 and interval type-2 versions that 

are not able to cope with higher degrees of uncertainty.  

Otherwise, the experimental results presented in Sections 7.2 and 7.3 show that the use of 

generalized type-2 fuzzy inference systems can improve the performance in edge detection with 

respect to interval type-2 fuzzy systems. After evaluating the detected edges with the metrics 

Pratt’s FOM, MSE, PSNR and SSIM we can notice the advantages of the GT2 FSs to model 

uncertainty in the gray tone values for the edges. The Sobel + GT2 FSs method obtains better 

edges than when using the Sobel + IT2 FSs on grayscale and color images, because it preserves 

more details of the original image; on the other hand, the Sobel + IT2 FSs can improve the 

performance with respect to the Sobel + T1 FSs. 

In Section 7.4, a novel edge detection method using GT2 fuzzy images was presented. 

According with the results achieved in this section we can conclude that the proposed method is 

a good way to model the uncertainty when the image are corrupted by noise. Additionally, in this 

methodology, the fuzzy inference system is no necessary because we only used the fuzzification 

process, and this minimizes the computing time; so, this methodology can be used in real 

applications on image processing systems. 

Based on the results presented in Section 7.5 when the edge detection was applied in the 
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image databases before the training phase of the monolithic neural network, we notice that the 

proposed edge detector based on GT2 FSs improved on the results achieved by the IT2 FSs and 

T1 FSs. The best recognition rate obtained by the neural network was when the GT2 fuzzy edge 

detector was applied; so we can conclude that the edge detection based on GT2 FS represents a 

good way to improve the performance in a face recognition system. 

In general, this work leads to the conclusion that the use of generalized type-2 fuzzy systems 

can be a good choice when there is a high level of uncertainty in the problem. In other words, 

generalized type-2 fuzzy logic allows for better modeling of uncertainty, because it gives more 

degrees of freedom in comparison to interval type-2 and type-1 fuzzy logic. The complex nature 

of the uncertainty encountered in the real world indicates that generalized type-2 is needed in 

real-world devices and applications, in particular in the image processing area that is the case 

study in this thesis, because the devices that capture digital images are always exposed to 

external interference adding high noise levels or uncertainty to the images. 

Based on the results of this thesis we can notice the advantages of using the generalized 

type-2 FSs, allowing us for greater control of the uncertainty that may exist in image processing 

systems and to help achieve satisfactory results. However, the proposed method may not be 

applied for real time applications tasks at this moment because edge detection in images is 

required in a very short time in real world applications. So, our next goal will be improving each 

step of our method to reduce the complexity and the computing time. In particular, we would 

also need exploiting parallel or distributed computing for achieving faster results for generalized 

type-2 fuzzy logic. 

In future work, we are planning to implement optimization techniques that would help 

finding the optimal parameter values of the membership functions and the optimal number of 
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alpha planes for the automatic implementation of the proposed method. Finally, we look forward 

to improve the generalized type-2 fuzzy logic algorithms to consider other areas of application. 
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Appendix A 

A.1 Function to calculate morphological gradient edge detection 

function [d1,d2,d3,d4]=morphologicalgradient(image) 

[r,c]=size(image); 

    for x=2:r-1 

        for y=2:c-1 

           

            z1=double(image(x-1,y-1)); 

            z2=double(image(x-1,y)); 

            z3=double(image(x-1,y+1)); 

            z4=double(image(x,y-1)); 

            z5=double(image(x,y)); 

            z6=double(image(x,y+1)); 

            z7=double(image(x+1,y-1)); 

            z8=double(image(x+1,y)); 

            z9=double(image(x+1,y+1)); 

          

            d1(x,y)=sqrt((z5-z1)^2+(z5-z9)^2); 

            d2(x,y)=sqrt((z5-z2)^2+(z5-z8)^2); 

            d3(x,y)=sqrt((z5-z3)^2+(z5-z7)^2); 

            d4(x,y)=sqrt((z5-z4)^2+(z5-z6)^2); 

        end     

    end 

end 

 

A.2. Function to define the FIS for the MG + GT2 FSs 

function fis=deltaedgesgt2(clow,cmedium,chigh,cfondo,cborde,fpdelta,fpedges) 

  

NumMf = [3 3 3 3 3]; 

MfType = 

str2mat('gaussmgausstype2','gaussmgausstype2','gaussmgausstype2','gaussmgauss

type2', 'gaussmgausstype2'); 

           

fd=fpdelta/2; 

fe=fpedges/2; 

sd=chigh./4; 

sefondo=abs(cfondo-cborde)/2; 

seborde=abs(cfondo-cborde)/2;  

rho=0.6; 

 

MfParams{1}=[sd(1) clow(1)-fd(1) clow(1)+fd(1) rho;sd(1) cmedium(1)-fd(1) 

cmedium(1)+fd(1) rho;sd(1) chigh(1)-fd(1) chigh(1)+fd(1) rho]; 
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MfParams{2}=[sd(2) clow(2)-fd(2) clow(2)+fd(2) rho;sd(2) cmedium(2)-fd(2) 

cmedium(2)+fd(2) rho;sd(2) chigh(2)-fd(2) chigh(2)+fd(2) rho]; 

 

MfParams{3}=[sd(3) clow(3)-fd(3) clow(3)+fd(3) rho;sd(3) cmedium(3)-fd(3) 

cmedium(3)+fd(3) rho;sd(3) chigh(3)-fd(3) chigh(3)+fd(3) rho]; 

 

MfParams{4}=[sd(4) clow(4)-fd(4) clow(4)+fd(4) rho;sd(4) cmedium(4)-fd(4) 

cmedium(4)+fd(4) rho;sd(4) chigh(4)-fd(4) chigh(4)+fd(4) rho];     

   

MfParams{5}=[sefondo cfondo-fe cfondo+fe rho;seborde cborde-fe cborde+fe 

rho];   

  

fis = 

newgfistype2('edges','mamdani','singleton','min','max','min','max','centroid'

); 

 

%  

fis = addgvartype2(fis,'input','D1',[-100 300]); 

fis = addgvartype2(fis,'input','D2',[-100 300]); 

fis = addgvartype2(fis,'input','D3',[-100 300]); 

fis = addgvartype2(fis,'input','D4',[-100 300]); 

fis = addgvartype2(fis,'output','E',[min([cfondo cborde]) max([cfondo 

cborde])]); 

 

% 

fis = addgmftype2(fis,'input',1,'LOW',MfType(1,:),MfParams{1}(1,:)); 

fis = addgmftype2(fis,'input',1,'MIDDLE',MfType(1,:),MfParams{1}(2,:)); 

fis = addgmftype2(fis,'input',1,'HIGH',MfType(1,:),MfParams{1}(3,:)); 

 

% 

fis = addgmftype2(fis,'input',2,'LOW',MfType(2,:),MfParams{2}(1,:)); 

fis = addgmftype2(fis,'input',2,'MIDDLE',MfType(2,:),MfParams{2}(2,:)); 

fis = addgmftype2(fis,'input',2,'HIGH',MfType(2,:),MfParams{2}(3,:)); 

 

% 

fis = addgmftype2(fis,'input',3,'LOW',MfType(3,:),MfParams{3}(1,:)); 

fis = addgmftype2(fis,'input',3,'MIDDLE',MfType(3,:),MfParams{3}(2,:)); 

fis = addgmftype2(fis,'input',3,'HIGH',MfType(3,:),MfParams{3}(3,:)); 

 

  

fis = addgmftype2(fis,'input',4,'LOW',MfType(4,:),MfParams{4}(1,:)); 

fis = addgmftype2(fis,'input',4,'MIDDLE',MfType(4,:),MfParams{4}(2,:)); 

fis = addgmftype2(fis,'input',4,'HIGH',MfType(4,:),MfParams{4}(3,:)); 

  

fis = addgmftype2(fis,'output',1,'BACKGROUND',MfType(5,:),MfParams{5}(1,:)); 

fis = addgmftype2(fis,'output',1,'EDGE',MfType(5,:),MfParams{5}(2,:)); 

  

  

%% Define the fuzzy rules 

ruleList= [ 3   3   3   3   2  1   2; 

            2   2   2   2   2  1   2; 

            1   1   1   1   1  1   1 

    ]; 

  

fis=addgruletype2(fis,ruleList); 

  

%% Plot the input and output GT2 MFs 

figure 
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set(gcf,'Color',[1,1,1]) 

plotgmftype2(fis,'input',1); grid on 

xlabel('D1'); 

figure 

set(gcf,'Color',[1,1,1]) 

plotgmftype2(fis,'input',2); grid on 

xlabel('D2'); 

figure 

set(gcf,'Color',[1,1,1]) 

plotgmftype2(fis,'input',1); grid on 

xlabel('D3'); 

figure 

set(gcf,'Color',[1,1,1]) 

plotgmftype2(fis,'input',2); grid on 

xlabel('D4'); 

figure 

set(gcf,'Color',[1,1,1]) 

plotgmftype2(fis,'output',1); grid on 

xlabel('E'); 

  

end 
 

 

A.3. Function to obtain the Sobel operator 

function [Gx,Gy]=sobeloperator(image,noise) 

  

I=double(image); 

  

%% add Gaussian noise to the image 

I=awgn(I,dbi,'measured'); 

  

%% Obtain the row (r) and column(c) size 

[r,c]=size(I); 

  

%% Appy Sobel operator to obtain the horizontal and vertical gradients 

for r=2:r-1 

    for c=2:c-1 

        Gx(r,c)= -1*I(r-1,c-1)-2*I(r-1,c)-I(r-1,c+1)... 

                 + I(r+1,c-1)+2*I(r+1,c)+I(r+1,c+1); 

        Gy(r,c)= -1*I(r-1,c-1)+I(r-1,c+1)-2*I(r,c-1)... 

                 +2*I(r,c+1)-I(r+1,c-1)+I(r+1,c+1); 

    end 

end 

  

end 

 

A.4. Function to define the FIS for the Sobel + GT2 FSs 

function fis=sobelg2fis(clow,cmedium,chigh,cfondo,cborde,fpdelta,fpedges) 

  

NumMf = [3 3 2]; 
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MfType = str2mat('gaussmgausstype2','gaussmgausstype2','gaussmgausstype2'); 

           

fd=fpdelta/2; 

fe=fpedges/2; 

sd=chigh./4; 

  

sefondo=abs(cfondo-cborde)/2; 

seborde=abs(cfondo-cborde)/2; 

rho=0.6; 

  

MfParams{1}=[sd(1) clow(1)-fd(1) clow(1)+fd(1) rho; sd(1) cmedium(1)-fd(1) 

cmedium(1)+fd(1) rho; sd(1) chigh(1)-fd(1) chigh(1)+fd(1) rho]; 

 

MfParams{2}=[sd(2) clow(2)-fd(2) clow(2)+fd(2) rho; sd(2) cmedium(2)-fd(2) 

cmedium(2)+fd(2) rho; sd(2) chigh(2)-fd(2) chigh(2)+fd(2) rho]; 

  

MfParams{3}=[sefondo cfondo-fe cfondo+fe  rho;seborde cborde-fe cborde+fe  

rho]; 

   

fis = 

newgfistype2('edges','mamdani','singleton','min','max','min','max','centroid'

); 

  

%% 

fis = addgvartype2(fis,'input','DH',[min(clow) max(chigh)]); 

fis = addgvartype2(fis,'input','DV',[min(clow) max(chigh)]); 

fis = addgvartype2(fis,'output','E',[min([cfondo cborde]) max([cfondo 

cborde])]); 

  

%% 

fis = addgmftype2(fis,'input',1,'LOW',MfType(1,:),MfParams{1}(1,:)); 

fis = addgmftype2(fis,'input',1,'MIDDLE',MfType(1,:),MfParams{1}(2,:)); 

fis = addgmftype2(fis,'input',1,'HIGH',MfType(1,:),MfParams{1}(3,:)); 

  

%% 

fis = addgmftype2(fis,'input',2,'LOW',MfType(2,:),MfParams{2}(1,:)); 

fis = addgmftype2(fis,'input',2,'MIDDLE',MfType(2,:),MfParams{2}(2,:)); 

fis = addgmftype2(fis,'input',2,'HIGH',MfType(2,:),MfParams{2}(3,:)); 

  

%% 

fis = addgmftype2(fis,'output',1,'BACKGROUND',MfType(3,:),MfParams{3}(1,:)); 

fis = addgmftype2(fis,'output',1,'EDGE',MfType(3,:),MfParams{3}(2,:)); 

  

  

%% Define the matrix index rule 

ruleList= [ 3 3, 2 1 2; 

            2 2, 2 1 2; 

            1 1, 1 1 1]; 

  

fis=addgruletype2(fis,ruleList); 

  

%% Show the fuzzy rules 

showrule(fis) 

  

%% Plot the input and output GT2 MFs 

figure 

set(gcf,'Color',[1,1,1]) 
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plotgmftype2(fis,'input',1); grid on 

xlabel('DH'); 

figure 

set(gcf,'Color',[1,1,1]) 

plotgmftype2(fis,'input',2); grid on 

xlabel('DV'); 

figure 

set(gcf,'Color',[1,1,1]) 

plotgmftype2(fis,'output',1); grid on 

xlabel('EDGES'); 

  

end 

 

A.5. Function to obtain edge detection method on GT2 fuzzy images 

function [d1,d2,d3,d4,fgt2]= fuzzygt2mg(image) 

[r,c]=size(image); 

imageF=double(image); 

u = linspace(0,1,100); 

for x=2:r-1 

    for y=2:c-1 

 

        %% Fuzzifier the image with a GT2 MF 

        mf1 = trigausstype2(imageF(x-1,y-1),u,[0 255 255 50 305 305 0.1]); 

        mf2 = trigausstype2(imageF(x-1,y),u,[0 255 255 50 305 305 0.1]); 

        mf3 = trigausstype2(imageF(x-1,y+1),u,[0 255 255 50 305 305 0.1]); 

        mf4 = trigausstype2(imageF(x,y-1),u,[0 255 255 50 305 305 0.1]); 

        mf5 = trigausstype2(imageF(x,y),u,[0 255 255 50 305 305 0.1]); 

        mf6 = trigausstype2(imageF(x,y+1),u,[0 255 255 50 305 305 0.1]); 

        mf7 = trigausstype2(imageF(x+1,y-1),u,[0 255 255 50 305 305 0.1]); 

        mf8 = trigausstype2(imageF(x+1,y),u,[0 255 255 50 305 305 0.1]); 

        mf9 = trigausstype2(imageF(x+1,y+1),u,[0 255 255 50 305 305 0.1]); 

 

        %% Obtain the secondary MF 

        z1 = mf1.fXU{1}; 

        z2 = mf2.fXU{1}; 

        z3 = mf3.fXU{1}; 

        z4 = mf4.fXU{1}; 

        z5 = mf5.fXU{1};  

        z6 = mf6.fXU{1}; 

        z7 = mf7.fXU{1}; 

        z8 = mf8.fXU{1}; 

        z9 = mf9.fXU{1}; 

        fgt2{x,y}= z5; 

 

        %% Calculate the fuzzy Euclidean distance 

        d1(x,y)=sqrt(sum((z5(:,2)-z2(:,2)).^2)+sum((z5(:,2)-z8(:,2)).^2)); 

        d2(x,y)=sqrt(sum((z5(:,2)-z4(:,2)).^2)+sum((z5(:,2)-z6(:,2)).^2)); 

        d3(x,y)=sqrt(sum((z5(:,2)-z1(:,2)).^2)+sum((z5(:,2)-z9(:,2)).^2)); 

        d4(x,y)=sqrt(sum((z5(:,2)-z3(:,2)).^2)+sum((z5(:,2)-z7(:,2)).^2)); 

          

    end     

end  

end 


