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In this work the use of Topological Data Analysis in digital fundoscopy is presented,
specifically to achieve steps in the preprocessing stages such as background segmentation
and Image Quality Assessment, towards the integration of systmes for Computer Aided
Diagnosis. The method becomes relevant since it does not require a relatively high
volume of images to achieve applicable results and does not require the use of high
performing hardware. The approach is generated as a transdisciplinary effort hetween
the areas of computational topology, digital image processing and clinical medicine.
The process and the results fulfill the definition of translational research and set the
basis to further explore medical images from a translational approach.
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Chapter 1

Introduction

The coming of the era of big data, where information and communication technologies
facilitate the generation of a significantly greater number of data available across many
different disciplines, has also impacted the medical field. There is not a proportional
amount of information derived from the growing pool of data available in the medical
data [2]. The need for different approximations to data analytics in this field is very
important.

One of the areas in which the phenomenon described in the previous paragraph is
very tangible is with medical images. Digital images are processed as matrices of data
where the 2D structure confines them particular characteristics for their analysis and
interpretation.

Dimensionality reduction is one of the steps of the analytical process where areas of
opportunity to facilitate further processes down the analytical pipeline can be explored.

1.1 Motivation

This project aims to contribute to the ongoing efforts to achieve feature selection and
feature extraction of characteristics in digital fundoscopy images. The approach takes
relevance given that the approximation is planned to keep mathematical and algorithmic
phases as clinically significant as possible from the beginning, integrating tools from
computational topology. This will enable the results to have clinical meaning and be
usable by practitioners earlier in the analytical pipeline, which could turn into benefits
for real patients with real pathologies sooner in the development process. As illustrated
on Figure 1.1.
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Feature
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Digital
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Figure 1.1: Visualization summarizing the justification for this work, where topological-
based image analysis is kept clinically relevant.

1.2 Problem Statement

By the means of Topological Data Analysis (TDA), which is an approximation that
precisely focuses on extracting general characteristics out of a large amount of data, we
alm to maintain robustness despite of noisy and missing data, particularly for Image
Quality Assessment (IQA). Through the interpretation of the topological characteristics
obtained (topological groups). In contrast with expert-based approaches to IQA where
high variability is typical and expected, Figure 1.2.

Feature Selection
and Extraction Persistent Homology

K [ A " A A

i (-] .

- -l Consistent

' — -] —> Results
s @

Dimension 1, B, r—F—

"

Figure 1.2: IQA based on TDA methods will tend to reduce variability in the results and
help towards consistent results.
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1.2.1 Research Questions

e What are the characteristics of digital fundoscopy images best analyzed by TDA
and computational topology?

e How can the topological features of a digital fundoscopy image be translated into
medical and biomedical information?

e Which are the characteristics of a Topological Data Analysis (TDA) pipeline for

feature selection and extraction in digital fundoscopy images?

1.2.2 Hypothesis

The use of Topological Data Analysis in ophtalmological digital fundoscopy adds tools
to the analytical pipeline providing clinically relevant results.

1.2.3 General Objective

To propose a methodology (approach) for the application of Topological Data Analysis
in the process of feature detection and extraction in digital fundoscopy images. In order
to find the most appropriate approach to obtain meaningful clinical results.

1.2.4 Specific Objectives

1. To identify the components of computational topology needed to perform TDA
in biomedical images for feature extraction and selection.

2. To identify appropriate databases of eye fundus images for the implementation of

TDA.

3. To develop a TDA pipeline to achieve feature detection and extraction in previ-
ously selected eye fundus images.

(a) Integrate a preprocessing and quality evaluation approach.
(b) Extract background and foreground in eye fundus images.

(¢) Image Quality Assessment.

4. To validate the results obtained by the TDA-based model against generally ac-
cepted techniques.

1.3 Structure of thesis

This work is divided into the following chapters:
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Chapter 1 A brief introduction to the thesis project is given in this chapter, a justifi-
cation for the approach taken is presented, as well as the problem statement and
the sequence in content for the following chapters.

Chapter 2 Chapter 2 begins with a review of publich health implications for eye
health, from economic to quality of life of the population affected. It then goes
on to explore Digital Fundus Image Analysis, how it is defined, and methods used
throught time. Then the concept of Topological Data Analysis (TDA) are intro-
duced and essential concepts explored. This section finishes with the exploration
of a TDA pipeline.

Chapter 3 In this chapter the method for interpreting digital images (image matrices)
into mathematical objects in order to be analized by topological methods is pre-
sented. By the means of cubical complexes and luminescence-based persistence
homology in the form of persistence diagrams. In order to feed these topological
results to machine learning algorithms, methods for vectorization are presented
as well. A brief review of performance metrics for classification algorithms in
machine learning is incluede as well.

Chapter 4 This chapter shows and discusses the results obtained by applying the
model presented in Chapter 3, it includes approaches that showed to be subopti-
mal and, eventually those that resulted useful towwards clinical use.

Chapter 5 Finally, conclusions are presented in this chapter, as well as future work
and lines of research to be implemented as follow up.



Chapter 2

Review of the Literature

2.1 Computational Topology

2.1.1 Theory

This section aims to mention the generalities that spring from the theory of topology
and computational topology. Figure 2.1 shows a visual summary of the general topics
pertinent for this work. Section 2.4 goes into the details steming specifically from
Topological Data Analysis (TDA) needed to approach the work summarized in this
thesis.

In the process of assessing the state of the art in computational topology there were
two topics that come up constantly in the literature review, Persistent Homology [3]
and Network Topology [4]. Out of these two topics, persistent homology runs over into
Topological Data Analysis, which is the current repository for the gathering of concepts
and tools in the intersection of topology and discrete mathematics, ergo computational
topology.

TDA, therefore, focuses on describing the shape of data understood as the ” geomet-
ric properties of data which do not depend on the chosen coordinates, but rahter on
intrinsic geometric properties of the objects” [5, 6]. As mentioned before, Section 2.4
will cover in more detail how this analytical paradigm is approached and how it can be
used for the specific problem of this work.
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State of the Art
General Theory

Persistent Network Topgiilcal
Homology Topology Analysis

2010-2014

[10, 11, 6]

2005-2009 2010-2014] [2015-2018
7,8, 9] [3] [4]

Figure 2.1: Diagram showing relevant areas related to general theory for the state of the

art in this project.

2.1.2 Applications to Medicine and Biomedicine

A visual summary of the applications of TDA in medicine and biomedicine found in
the literature up to the year 2021 is shown in Figure 2.2. The following paragraphs
briefly discuss the results of the works found in the literature, with particular attention

to applications in medical images.

> Persistent Homology

| Network Topology
-~ General Theory
- Mapper Algorithm
. Topological Priors for
CNNs
- Topological Optimization
‘ Topological Loss
» Functions for CNNs in
image segmentation
— Infectious Disease
> Diagnostics
State of The Art = ’
‘ - Cancer
B Trauma & Orthopaedics
- Chemometrics
> Applications 4 Genomics
| Neurosciences
r Histopathological

- Medical Images ‘
. Retinal

Figure 2.2: Summary of applications of Topological Data Analysis to Medicine
Biomedicine mentioned in the literature.

and
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Neuroscience

Given that the brain is integrated as a rather large network of neurons and other
supportive cell types, one of the areas in which TDA is being used is the approach
to such networks to begin to understand them or make sense of them, as seen in the
works by [12, 13] and [14]. Figures 2.3 and 2.4 show, respectively, the extraction of
topological characteristics in 0— D and 1— D in the form of barcodes from hippocampal
cell ensembles and the use of Rips complexes to describe the shape of point cloud data
coming from signals gathered from the visual cortex.

150| 0D cycles

Cycle number
3

8

' H"

@
3

T = 5.84 minutes

!

Persistent cycles

w
-3

»
8
|

o

Cycle number

°
(I

T 2 s 4 5 s 71 s

time in mins
Figure 2.3: Barcodes shown 0—D and 1— D cycles persisting in an ensemble of hippocampal
cells in charge of space maping in an animal model [13]

(b, by, ) =(1,2,1)

Figure 2.4: Construction of a Rips complex and barcodes generation in [12].

Another tool used in TDA is the Mapper algorithm [15], which, through an iterative



CHAPTER 2. REVIEW OF THE LITERATURE 8

process proposes a representative graph of the data. An interesting use of this tool is
the application to the discovery of precilincal spinal cord injuries and traumatic brain
injuries in rat models by [16]. As shown on Figure 2.5, there are trends dettected
that can be associated either to a traumatic brain injury or spinal cord injuries in rat
models. One of the challenges with the use of mapper is that interpretations are very
much dependent of the domain of the data, as well that the iterative nature of the
algorithm translate into challenges for the reproducibility of results. Nevertheless, it
is of use when approaching open problems which are still under study for their basic
understanding. In these conditions, an iterative approach could be of help by sheding
light into areas of possible correlation and/or causation.

a e
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Figure 2.5: Mapper algorithm for brain injuries as applied by [16]. (a,b) Behavioral outcomes
of forelimb function and (c,d) histopathology were mapped onto the topological network using
TDA. Data from this model shows a distinct recovery pattern depending on whether the
combined TBI (traumatic brain injury) is contralateral (contra) or ipsilateral (ipsi) to the
SCI (spinal cord injury). (e) Each injury group occupies a distinct region of the network
topology, highlighted as red nodes for 100% enrichment (heat map) for each particular injury
model. Sham controls (n=9) and TBI-only (n=10) subjects are located in the right cluster.
SClI-only (n=10) and SCI4+TBI contra (n=10) are both located in the left cluster. SCI+TBI
ipsi (n=10) interestingly are grouped next to the sham subjects in the right cluster (circled
part of the network), due to a syndromic functional recovery similar to shams (a), despite
showing no difference in pathology compared with subjects with SCI alone or SCI+TBI contra

(), [16].



CHAPTER 2. REVIEW OF THE LITERATURE 9

Chemometrics

Chemometrics has multiple definitions, one of the accepted ones states: ”Chemomet-
rics is the chemical discipline that uses mathematical, statistical and other methods
employing formal logic to design or select optimal measurement procedures and exper-
iments, and to provide maximum relevant chemical information by analysing chemical
data” [17, 18]. A typicall exmample of the use of TDA in this field is the construction
of protein-protein interaction networks (PPI) based on differentially expressed proteins
(DEPs), this produces a complex graph of interactions that then can be explored by the
use of topological descriptors. On of the challenges in this approach is the attempt to
achive dimensionality reduction of the descriptors by applying geometric tools, such as
Principal Components Analysis (PCA), this makes explicability very challenging or im-
possible for the process. Nevertheless, this is a typicall example of the initial attempts
to implement TDA in chemometrics, a filed that seems promesing for geometrical ap-
poraches.

104

103

Frequency

-
<

100 00 102 ‘s 0 s 10 1s 20 25 30
Degree Factor1(52.25%)
Figure 2.6: (A) The seeds of 244 DEPs were mapped onto a referenced database and
were expanded to their first-degree neighbors, resulting in an extended network with 22 604
interactions between 6392 nodes. Different colors denote nodes with different degree and
k-shell. (B) The degree distribution of the PPI network. (C) The contributions of the two
factors in terms of factor scores fi versus fo are 52.25% and 43.71%, respectively, [19].
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Genomics

The field of genomics is, by definition, an area of data in high volumes. Another char-
acteristich that makes it suitable for the application of TDA is that the process of
localizing specific association between gene loci or subsets of genes to concrete man-
ifestations in the health-disease continum is very much an open problem. Therefore,
topological approximations are attractive in order to add to the understanding of dif-
ferent open problems in the discipline. Figure 2.7 shows an implementation using TDA
to enhance an analytical pipeline resulting on genomic associations.

Phased genotypes
(1,000 Genomes Project)

—
100i001cpor
toop101ope

Coalescent simulations

ey
I
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Pearson's method
of moments

recombination rate (ﬂp[[ =i3.14 \\

.Ij ATy | da  ml a |:>
n
T T T T T T T ! © =
165,200 kb 165,400 kb 165600kb 165,800 kb =0
: y fo=]
genomic position > o .©
£8
TFBSs 11 m 1 - 1 T 8 @
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Figure 2.7: Summary of the use of TDA in genome wide maps of human recombination. In
this approach TDA is able to capture recombination from large genomic samples, resulting
into better results of high resolution recombination maps, and identification of binding sites
[20].

Trauma & Orthopeadics

The finding of a publication [21] in the area of Traumatology and Orthopeadics using
TDA was a surprise for the authors, this clinical field does not typically adopt analytical
tools in early stages compared to other clinical specialties. Nevertheless, the use of the
Mapper algorithm as an exploration for the prediction of cartilage lesions in knees of
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patients with ostheoarthiritis (OA) was approached by taking into account the Kellgren-
Lawrence (KL) grading for OA as well as sociodemographics and clinical data. The
resulting graph and summary of analysis can be seen in Figure 2.8.

Biomechanics & compositional MRI network

KL grade Jaeonnse —
A .. Subnetwork 3 B [ - = C 7 S Progressors wiin
S L 0 4 S L subnetwork 1
KL: 0.79+0.95 .
¥ %, . Subnetwork 2 _' s S % i e
Subnetwork 1 Y78 = Y ). 4294117 v & Subnetwork 1 % éz fio =l
’ o » WSRO ) e

I':;rogression
[ i | |

0 1
Figure 2.8: Figure showing (A) Network generated by Mapper, (B) same network colored by
gender and KL grading, (C) shows detailes of the patients in the progression cohort, where a
difference in the allocation of the graph can be appreciated for sever and less sever populations

21].

Cancer

The field of cancer research presents itself as a potentially good candidate for TDA,
since it can intersect with genomics and chemometrics. Nevertheless, the study to
link biomedical indicators with clincal outcomes remains an open problem. Following
this perspective, [22] present a method based on the use of the Mapper algorithm to
identify subgroups of breast cancer patients with particular mutational profiles linked
to their survival. Figure 2.9 shows the resulting graph and associated subgroups linked
to clinical outcomes. Again, in this case the approach to the problem was followed the
use of the Mapper algorithm, with very limited ability for reproducibility. Nevertheless
it is a preliminary approach that shows the power of TDA tools in the specific data
domain.

Infectious Disease

Infectious diseases have also been approached with TDA tools, predominating the use
of the Mapper algorithm as preliminary explorations of previously known indicators.
In the case of Figure 2.10 an analysis of soil samples coming from four different geo-
graphical locations, all positive to E. Coli O157:H7, which is the strand responsible for
food poisoning acompanied with hemorragic diarrhea and renal failure. It can become
a public health issue quicly if not properly identified on time. Therefore the approach
becomes relevant and pertinent, even if it is a preliminary result facing reproducibil-
ity challenges because of the iterative nature of the algorithm. Figure 2.10 shows the
results reported by [23].
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Figure 2.9: Analysis of breast cancer dataset showing three progression arms in the resulting
graph generated by the Mappter algorithm, where each bin is colored by the mean of the
filter map on the points. Showing tumors with different behaviours given the data, linked to
clinical outcomes. Where ER™! are mostly basal tumors, ¢ — MY B™ represents a subgroup
not identified previously with agresive behaviour [22].

Medical Images — Ophtalmology

In this area there are approaches to include TDA in the process of classifying diabetic
retinopathy [24], usgin the High-Resolution Fundus (HRF) Image Database [25], which
contains images of high detail such as those obtained in an ophtalmic clinic or high
end eye health center. Topological descriptors are extracted from these images and
added to a dataset complemented with other image descriptors, then dimansionality
reduction by feature selection was performed by using a Least Absolut Shrinkage and
Selection Operator method (LASSO), the reduced dataset was then fed to a Support
Vector Machine (SVM) to perform a classification of diabetic retinopathy presence or
absence in eye fundus images. Figure 2.11 shows how a subsection of the image matrix
was binarized by different threshold values to be interpreted as a mathematical object

and calculate homology values in R%2,

Figure 2.11: Example of a 50 x 50 image matrix sampled from grayscale eye fundus images
on the left. With binarized images corresponding to I = —1.5 (center) and ! = —0.9, notice
that the luminsecence values are normalized from 8—bit digital images, [24].
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Figure 2.10: Topological network created by the Mapper algorithm using physical, chemical,
and biological characteristics of soil samples. Four sub-networks can be identified (A-D)
corresponding to the diferent geolocations where the samples were obtained [23].

Figure 2.12 presents a detail summary of the process followed by the authors to
achive their results. Notice the use of topological descriptors, combined with summary
statistics from digital images as a way to vectorize topological results in order to be fed
in a way that is understandable for a machine learning algorithm.
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2.1.3 Medical Images: Digital Pathology

A very interesting series of publications highlighting the use of TDA in the field of
digital pathology [26, 27, 28], specifically persistent homology of samples from Whole
Slide Images (WSI) which are then binarized. They have moved into using topologi-
cal informationa in combination with Convolutional Neural Networks (CNNs) to add
robustness to the classification of the network. This specific work is summarized in
detailed on Figure 2.14.

It is relevant to observe that, by using topological information it is possible to feed
a CNN with either topological priors (a potential improve in trainning times) as well
as explore topological loss functions for robust image segmentation of large images, in
this case for digital pathology (histopathology) as highlighted on Figure 2.2.

Figure 2.13 shows part of the results achieved with the method proposed, where
it is relevant the low proportion of false positives and negatives. The classification is
performed at the pixel level, containning a granularity able to extract such metrics.
From a medical perspective, these results come very close to how a pathologist would
approach a report.

P LN DN BG

Figure 2.13: Results shown in [26] for fast tumor segmentation on selected WSI. (A)-
(C) input WSIs, (E)-(G) predicted tumor regions, (I)-(J) results for true positives (TP),
false positives (FP), false negatives (FN), and true negatives (TN) regions. Notice the low
proportion of false negative pixels, which become very important in the clinical context of
cancer.

2.1.4 The case for computational ophtalmology

Out of all the areas of applications of TDA in medicine and biomedicine, Ophtalmology
is the one that was chosen to move forward with the project, there are two fundamental
reasons for this decision:
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e The public health value of the topic given the meassure of disease burden eye
health pathologies represent in the world and, specifically, Mexico. Where the
number one cause of non-reversible blindness is diabetic retinopathy. A more
detailed and comprehensive argument on this area is presented on Section 2.2.

e The previous training on digital image processing available in the research group
approaching this challenge (masters work on dimensionality reduction of medical
images).

Therefore the case for the exploration of the use of computaional tools, specifically
in topology, in the field of eye fundus imaging in the context of ophtalmological clinical
approaches towards the construction and implementation of Computer Aided Diagnosis
seems logical, pertinent and ethically percieved as a priority. Therefore the decision to
pursue these issues in the context of computational ophtalmology [29].

2.2 Medical Dimension

2.2.1 Public Health

Eye health has a profoundly multidimensional effect in overall health, economics and
social development for populations around the world [30]. Globally, there are more
than 250 million people with vision impairment and over a billion with near-vision
impairment. Globally, there are more than 250 million people with vision impairment
and over a billion with near-vision im-pairment [31]. It is projected that over the next
30 years the amount of people affected by these issues will triple, reaching around 700
million, mostly due to the aging and growth of the population [31]. Even more, 90%
of this loss occurs in low-income and middle-income countries leading to a substantial
economic burden with a global annual estimate of over US$3 trillion [32].

Even though diagnostic and therapeutic strategies are available for the many causes
of sight loss, for a significant amount of the global population at risk, they remain inac-
cessible mainly due to the lack of local eye care services and a considerable shortage and
inefficient distribution of appropriately trained personnel [33]. In Mexico, according to
[34], there are 3.56 ophtalmologist per 100 000 inhabitants, resulting in a constant deficit
of accesibility to eye health professionals by a significant amount of the population in
need of attention.

To address these challenges, with enough evidence and with potential to scale, these
strategies can focus on capacity building of clinical personnel, and the use of technology
to empower human resources [35]. Computational approaches in digital image analysis
have been proposed as a strategy to strengthen and complement eye health teams,
facili-tating accessibility to health services for medically underserved populations, one
of the areas in which computational tools have proved to be useful is that of digital
image processing as Computer Aided Diagnosis (CAD) systems [36].
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2.2.2 Eye Fundus

A fundamental aspect in the evaluation of eye health is the assessment of eye fun-
dus through ocular fundoscopy [37]. Figure 2.15 shows the anatomical landmarks a
clinician looks for in a general evaluation of the eye fundus. This can be achieved by
direct observation of the eye fundus through an ophthalmo-scope or through eye fundus
images. As the methodology to evaluate a fundoscopy is not universal, it is strongly
recommended that a systematic and organized approach be taken to this approach in
the clinical practice [38]. This will allow the approach to be adapted and reproduced
with a computational system that mimics the evaluations a clinician would perform
during a regular consultation.

Figure 2.15: Anatomical landmarks evaluated in an eye fundus image assessment [39].

Nonetheless, state-of-the-art algorithms used for CAD systems in eye fundus images
[40, 41, 42] tend to need large volumes of images in their training stages in order for
them to achieve acceptable performance indicators, as well as accurately labeled images
[43]. Therefore, the exploration of approaches to produce robust results with a relatively
small-er volume of training images is important, given the current tendency in the field
towards the use of deep learning approaches that require significantly large annotated
datasets, which is a current challenge in medicine [44]. This will allow CAD tools to
adjust to a clinical environment more rapidly, thus, facilitating expected outcomes.
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2.3 Fundus Image Analysis

Fundus image analysis can be understood as the process of obtaining a digital image of
the eye fundus and the analytical pipeline required to generate a CAD tool to support
physicians in their clinical practice [45, 46]. Eye fundus imaging is the most estab-
lished technique of retinal imaging, Figure 2.16 shows a summary of the components
considered for this process.

As proposed by Abramoff [45], Image Quality Assessment (IQA) is considered the
first step in automated analysis techniques of eye fundus images. Development of IQA
algorithms depends on the clinical application of the overall analysis [47, 48, 49] and can
be classified in three general groups according to the techniques in which they achieve
their objective:

1. Similarity based quality parameters.

e These algorithms are based on parameters like clarity, focus, contrast, and
illu-mination. They generally have low computational complexity and are
preferred when using mobile or low powered devices, some examples can be
seen in [50, 51] and [52]. Table 2.1 shows more detailed information on this
approach.

2. Based on segmentation.

e Techniques such as image structure clustering [53] or segmentation maps and
feature analysis fall on this category [54]. Table 2.2 shows a more detailed
information on this approach.

3. Deep learning.

e The most recent approach in IQA, done with convolutional neural networks
(CNNs) [40] and human-in-the-loop approaches combined with CNNs [55].
Table 2.3 shows a more detailed information on this approach.
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Figure 2.16: Fundus image analysis components as proposed by [45]

Categories of No. of Accuracy

Work Year Quality . . Pros Cons
parameter quality images (%)
less complex; achieves high

specificity as it measures similarity  intensity histogram does not
[51] 1999  intensity histogram 2 NS NS between characteristics of input  speak about the structural and

image with good-quality fundus local properties of the image

image
edge mag.,nitud_e contains analysis of structural not robust to distortions like
(47) 2001 and local intensity 3 40 NS properties; achieves high specificity high compression and blur

distribution

Table 2.1: Similarity-based IQA algorithms for fundus images. Reproduced from [1].

“"'Where: AUC = Area Under the Curve, and CA = Classification Accuracy.
OMatthews correlation coefficient: 0.864.
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Quality Categories of No. of  Accuracy

Work Year . . Pros Cons
parameter quality images (%)
matched filtering is easy and . §
N ; blood vessel N SN: 95, SP: simple to implement, gives eﬁect{ve only under p re-defined
[56] 2003 2 1746 . assumptions, not effective for smaller
density 84.3 adequate performance in or larger size blood vessels
presence of Gaussian noise 8 ” ves
blood vessel pixel SN>99.1. SP: emé)ekfl_{“;silsiog:lv:zdt (;etl:zj:ld assumes fix parameters for the
[49] 2006  count and field 2 1039 A I . ’ location of the structures hence not
L 89.4 positioning of the structures . R
definition present in the image effective for cross data-set evaluation
rsibility of blood . . .
571 2001 Vst l'}qu ;1:)1(:; - 200 SN:100, SP:  effective performance for blur  sensitive towards different type of
2 doﬁy;ition ’ ? 93 and Gaussian noise distortions like uneven illumination
due to patch-wise analysis this . met‘h()d is tested over only two
. . distortions, the naturalness property
. . . method is very tive in .. .
[58] 2013 blood vessel pixel NA 58 SC: 0.89 with presence of uneven distortions of images is low hence results
count, PSNR - o ) obtained from SSIM and PSNR
additive Gaussian noise and .
Gaussian blur metrics may not be of much
significance
[59] 2014 contrast blood 9 47 89.36 effective for color and contrast effective only under pre-defined

vessels

distortions

assumptions like size and shape

Table 2.2:

Segmentation-based IQA algorithms for fundus images.
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2.4 'Topological Data Analysis

2.4.1 Introductory Concepts

e Topology studies how space is connected.

— This does not include how it communicates within itself (this is the domain
of graph theory).

e Algebraic topology poses problems of connectivity as equivalent problems on
algebraic objects (groups, fields, etc.), and maps between them (homomorphisms,
homotopies, etc.).

In algebraic topology we cast problems on how space is connected a sequivalent
problems on algebraic objects (groups, rings, etc), and maps between them (homomor-
phisms).

As a subfield of mathematics, algebraic topology started in the late 19th and early
20th century. Poincaré introduced the fundamental group first. Later Betti introduced
homology groups, which are much easier to compute than the former [72].

Homology groups can be defined in many ways, one of them is using simplicial
copmlexes. Simplicial homology is recomended for introductory approaches.

Topology mainly focuses in the analysis of characteristics preserved under continuous
deformation in geometric objects [72] (for example noise or missing data represented
in point clouds), in the last years there has been a significant rise in computational
approaches to topological concepts for the analysis of data [73, 74, 5], this area is
known as Topological Data Analysis (TDA). For the analysis of medical data TDA
becomes an attractive tool given the robustness of the methods to missing and noisy
data, which are common in this domain. In particular, for the case of images, they
can be interpreted into mathematical objects called cubical simplicial complexes and
then analyzed with topological methods to obtain characteristics to be used later in the
analytical pipeline. In this work we focus in the interpretation of eye fundus images as
cubical simplicial complexes and the obtention of homological groups (Betti numbers,
B(1,2)) to be used in the process of selecting optimal threshold values for binarizing a
grayscale version of the image to obtain masks for background segmentation as well as
Image Quality Evaluation through the vectorization of topological results for use with
Machine Learning algorithms.

2.4.2 Fundamental Concepts in Topology

This secion contains definitions and fundamental concepts in the field of topology, which
will help lay the foundation for later work.
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Data domain representation

Definition 2.4.1 (Topology). A topology on a set X can be mathematically defined
as a subset 7' C 2% such that:

o If Sl, Sy € T, then SN Sy eT.
o If {SJ‘] S J} C T, then U]‘GJS]‘.
e ). XeT.

Definition 2.4.2 (Topological Space). A set X for which a topology T is defined
therefore:

e )cT.XeT

e VS C T UpesO €T

e (O, €T, 0,€T)=(0O1N0O2€T)
Where:

e T = topology.

e O; = i — th subcollection.

e S = subset of subcollections.

Figure 2.17 shows an excercise with a set of three elements (X) and 8 proposals of
topologies (Ti{l’2 _____ 8}). Following Definition 2.4.1, some of these options are evaluated
to see if they are indeed viable topologies for the given subset.

Figure 2.17: Example of a set of three elements with different topologies, as presented by
James Munkres [72].
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Figure 2.18 shows 7. Given:
e X=/{a,b,c}
¢ 7= {{CL}, {a'v b}a C}

Is 71 a topology on X7

Figure 2.18: 71

Making sure Definition 2.4.1 is fulfilled:
o @ (Shs

o G,ETl,bETl,CETl.'.XETl

{a} U{a,b} ={a,b} e n{a} n{a,b} ={a} en
{a}Uc={a}en {a}ne={0}emn
{a,b} Uc={a,b} € 1 {a,b}Nn{c} ={0} en
.7 is a topology in X and (X, 1) is a valid topological space.
Figure 2.19 shows 753. Given:

e X=/{a,b,c}
o 7 = {{a,0},{a,c}, {b,c}, {a}, {b}, {c}}

Is 73 a topology on X7

ek

e
Figure 2.19: 735

Making sure Definition 2.4.1 is fulfilled:
o (Z) € T3

eacTbeTgceTy. . XETR
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{a,b} U{a,c} ={a,b,c} =X € 15{a,b} N{a,c} = {a} € 15
{a,b} U {b,c} ={a,b,c} =X € g {a, b} N{b,c} ={b} €75
{a,c} U{b,c} ={a,b,c} =X e rg{a,c} N{b,c} ={c} €75
{a}U{a,b} ={a,b} € 15 {a}N{a,b} ={a} €5
{a}U{a,c} ={a,c} €15 {a}n{a,c} ={a} €5
{a}U{b,c} ={a,b,c} =X e {a}n{b,c} ={0} € s
{b} U{a,b} ={a,b} € 15 {b} Nn{a,b} ={b} € 15
{byU{a,c} ={a,b,c} =X e {b}n{a,c} ={0} €5
{byU{b,c} ={b,c} €15 {b}n{b,c} = {b} € 73
{c}U{a,b} ={a,b,c} =X e {c}n{a,b}={0}ers
{c}U{a,c} ={a,c} €15 {c} N{a,c} ={c} €5
{c} U{b,c} ={b,c} €5 {c} N{b,c} ={c} €5
{a} U{b} ={a,b} € 73 {a} n{b} ={0} e 15
{a}U{c} ={a,c} €5 {a}n{c} ={0} e
{b}U{a} ={a,b} € 73 {}n{a} ={0} e 15
{byU{c} ={b,c} € 73 {}n{c} ={0} e s
{c}U{a} ={a,c} €15 {c}n{a} ={0} e s
{ctU{b} ={b,c} € 73 {c}n{b} ={0} e s

. Ts is a topology on X and (X 73) is a valid topological space.

Ok

Figure 2.20: Not all collections of subsets are a topology on X. The following examples are
not.

Figure 2.20 shows two collections of sets with relationships that cannot be considered
topoloiges on the sets. The following examples will walk through subsets of X that do
not fulfill the definition for topology on the set.

Figure 2.21, given:

e X={a,b,c}
o 7o = {{a}, {b},c}

Is 7, a topology on X7
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Figure 2.21: 7,

Making sure Definition 2.4.1 is fulfilled:
e e Ta

e acT,beET,cET, XET,

{a} U {b} = {a,b} ¢ 7a {a} N {b} ={0} €7
{a}Uc={a} €1, {a}nec={0}er,
(B Uc={ber. {b}nc={0}cr

.. T is not a topology on X and (X, 7,) are not a valid topological space.

Figure 2.22, given:
e X={a,b,c}
o 75 ={{a,b},{b,c}}

Is 75 a topology on X?

4°B.

Figure 2.22: 73

Making sure Definition 2.4.1 is fulfilled:
e )€ ]

eacTgbemgcerg. . XeTg

{a,b} U{b,c} = {a,b,c} =X € 75 {a,b} N{b,c} = {b} & 73

.. T is not a topology on X and (X, 75) is not a valid topological space.

Definition 2.4.3 (Opened Set). A subset A C X from a topological space (X) is an
open set of X if it belongs to T.
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Open sets are topological spaces that do not contain their boundaries.

Definition 2.4.4 (Closed Set). A subset B C X from a topological space (X) is closed
if it "s complement (X — B) is opened.

Let X be a topological space {X,7}. A subset A is closed if and only if it "s com-
plement is an opened subset (A C X <= A® = conjunto abierto)

Class 7 = {X,0,{a}, {c,d},{a,c,d},{b,c,d,e}} defines a topology on X = {a, b, c,d, e}.

Closed subsets of X are:

o

o X

e {bcde}
o {a,be}
o {be}

e {a}

Some observations:

T ——
{b,c,d, e}, {a}.

e [t is possible to have subsets that are nither _
{a,b},{b,c,}.
Definition 2.4.5 (Interior). The interior A of a subset A C X is the union of all the
sets contained in A.

Definition 2.4.6 (Closure). The closure A of a set A C X is the intersection of all the
closed sets containing A

Formally, if {F; : i € I} is the class of all closed subsets of X containing A, then:
A=nF (2.1)

As an excercise, we consider topology 7 = {X, 0, {a}, {c,d}, {a,c,d},{b,c,d,e}} in
X ={a,b,c,d, e} with closed subsets from X, which are:

0,X,{b,c,d, e}, {a,b, e}, {b, e}, {a}
Then:

{0} = {a,b,c.d,e} N {b,c.d,e} N {a,b,e} = {BER
{a,c} ={a,b,c,d,e} = .

{b,d} = {a,b,c,d, e} N {b,c,d e} = -
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Definition 2.4.7 (Boundary). A boundary in A is A = A — A,

In Figure 2.23, given subset A, the reader can visually appreciate the concepts of
closure (A), interior (A), and boundary (0A). The illustration helps for an intuitive
understanding of each of the definitions.

(@) ACX (b)A (©)A (d) 0A

Figure 2.23: (a) Subset A, (b) Closure of A, (c¢) Interior of A, (d) Boundary of A.

Definition 2.4.8 (Function). A function f : A — B associates each of the elements of
the topological space A to a unique element of the topological space B.

Definition 2.4.9 (Injective Function). A function f : A — B is injective if, for each
pair ay,as € B such that a; # ag, f(a1) # f(as).

Figure 2.24 provides a visualization of an injective function.

B o0 wog )<

Figure 2.24: Injective function.

Definition 2.4.10 (Bijective Function). A function f : A — B is bijective if, for each
element b € B there exists exactly one element in a € A such that f(a) = b. It is said
then that f is a bijection or one-to-one.



CHAPTER 2. REVIEW OF THE LITERATURE 31

I
<

N

w
> 0 w9

Figure 2.25: Bijective function.

Definition 2.4.11 (Continuous Function). A function f : A — B is continuous if, for
each open subset C € B, set f~1(C) is an open subset of A.

A classical definition of continuous functions in Eucledean spaces:
e Let f:R" — R™.

e fis continuous at T € R™ if 3§ > 0 for every € > 0 such that || f(y) — f(T)]| < €
whenever ||y — Z|| < ¢ for every y € R™.

e f is continuous (in all of R") if it is so at every T € R".
In this notation lower case letters with an overline are representing vectors (7, v, i, @, etc).

En equivalent definition based on neighborhoods can be understood as follows:

e A subset N of R” is a neighborhood of T € R™ if for some r > 0, the closed ball
B(T,r) centered at T is contained entirely within N. As shown in Figure 2.26

*Neighborhood N can be open or closed.

N N %
co-fieeiid (@
™ ced Ball of wdiuc I corlered ab % NG

B ()'(, r)

Figure 2.26: Visualization of definition of neighborhood.

e f:R" — R™ is continuous if given any T € R™ and a neighborhood N of f(Z) in
R™, f~1(N) is a neighborhood of T in R".

Definition 2.4.12 (Homeomorphic Spaces). Two topological spaces A and B are home-
omorphic if and only if there exists a continuous bijection f : A — B with and invers
continuous function f=': B — A.
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Definition 2.4.13 (Manifold). A topological space M es a d—mani fold if each element
m € M has an open neighborhood N homeomorphic to an open euclidian d — ball.

Figure 2.27: Example of a 2—manifold where any point on the surface has an open neigh-
borhood (graph) which is homeomorphic to an open euclidean 2—ball, which can be unfolded
to a plane.

Formalizing the Domain

Definition 2.4.14 (Convex set). A subset C from an euclidean space R” of n—dimention
is convex if for each two points z and y from C and all ¢ € [0, 1], point (1 — t)z + ty
also belongs to C.

Figure 2.28: Example of a convex 3—manifold (left) and not convex (right). On the left,
any two points (green and blue in this example) can be connected by a line segment contained
in the volume. The previous is not true for the case on the right.



CHAPTER 2. REVIEW OF THE LITERATURE 33

Definition 2.4.15 (Simplex). A d—simplex is a convex hull o of d + 1 affine points
independent from an euclidian space R", with 0 < d < n. Where d is the dimension of
.

Definition 2.4.16 (Vertex). A vertex v is a 0—simplex in R?.
Definition 2.4.17 (Edge). An edge e is a 1—simplex in R3.

Definition 2.4.18 (Triangle). A triangle ¢ is a 2—simplex in R3.
Definition 2.4.19 (Tetrahedron). A tetragedrib 7' is a 3—simplex in R3.

_AQ

Figure 2.29: Example of 0,1, 2, 3-simplices.

Definition 2.4.20 (Face). A face 7 of a d—simplex o is the simplex defined by a non-
empty subset of d + 1 points of o, and it is written 7 < o. Face 7; is of i—dimension.

Therefore a d—simplex is the smallest combinatorial construction able to represent
a d—dimentional neighborhood in euclidean space.

Definition 2.4.21 (Simplicial complex). A simplicial complex % is a finite collection
of non-empty simplices {o;}, such that each face 7 from a simplex o; is also found in
2, and given two simplices o; and o; intersect on a common face or on none of them.
Formalizing, a simplicial complex K is a collection of simplices such that:

e If 0 € K, then for each face o/ of o, we have o/ € K.

e TFor two simplices 01,09 € K, 01 N oy is § or a face or both o; and o5.
"

Bl 4

(a)
Figure 2.30: a) A simplicial complex. b) NOT a simplicial complex.
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Exercises on construction of simplicial complexes:

e Indicate all the components from the simplicial complex K in Figure 2.31.

P1

P> P3

Figure 2.31: Simplicial complex K.

_ <p07p17p27p3>7 <p1>p27p3>7 <p0>p27p3>7 <p07p17p3>7 <p07p17p2>7
(P, 1), (Pos P2), (Pos P3)s (1, P2)s (P1, D3)s (P2, P3), (Po)s (1) (P2), (P)

e Indicate all the components from simplicial complex ) on Figure 2.32.

Pa

Ps
Po

P1

Figure 2.32: Simplicial complex Q.

_ {<Poap1,p2>, <p07p1>, (po,p2>, <p17p2>, (p2,p3>, <p2,p4>7
<P37P4>7 <p4,p5>, <p0>, <p1>7 <p2>, (p3>7 <P4>, <p5>

e Determine if J is a simplicial complex.

J ={{a,b,¢c)(a,b), {(a,c)(d,e)}

Figure 2.33: Graph J.
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J does not satisfy the first requirement of Definition 2.4.21 for simplicial com-
plexes, the following convertion J — K satisfies the requirements:

K ={(a,b,c) (a,b),{a,c) (d,e)},(a), (b), {c), (d), {e) }
Definition 2.4.22 (p—skeleton). The p—skeleton is a simplicial complex K, denoted
as K is the subset of all the simplices in K of dimension p or less.

Taking simplicial complex K and using Figure 2.31 as a visual guide, the following
n—skeletons are identified:

KO = {{po) (1), (p2), (p3)}
KM = {(po, p1) (po, p2), (Po, 3), (P1, p2), (D1, P3), (P2, 1s), (po) (p1), (p2), (ps)}
K(2) = {<p07p17 p2>7 <p01 P1, p3>7 <p0a P2, p3>7 <p1;p27 p3>7 <p0; p1>7 <p07 p2>7 <p07p3>7 <p1a p2>7 <p17p3>7
(p2,p3), (po) (P1), (p2), (p3)}
K® =K
In order to construct these concepts to describe a topological space, first we have
to define what a neighborhood and a metric are. A topological space is obtained when

there are points in the space that share a metric (sense of connectedness). To make
this idea clearer, a definition of neighborhood must be established.

Definition 2.4.23 (Neighborhood). A neighborhood of x € X is any A C X such that
x € A

Neighborhoods, which can be a topology, may be defined by the means of a metric.
As shown in Figure 2.34.

Figure 2.34: a) A set A C X. b) The closure Zmof set in a). ¢) Interior A of set in a). d)
Boundary of a set A which is equal to 9A = A — A, from [75].

Definition 2.4.24 (Metric). A metric or distance function d : X x X — Ris a
function satisfying the following axioms:

1. For all z,y € X,d(x,y) <0, (positivity).

2. If d(x,y) = 0, then z = y, (nondegeneracy).

3. For all z,y € X,d(z,y) = d(y,x), (symmetry).

4. For all z,y,z € X,d(z,y) + d(y, z) < d(z, z), (triangle inequality).
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Topological Space

We are given a set X and a non empty collection of subsets of X for each T € X called
the neighborhoods of Z. This is a topological space if it satisfies the following axioms:

1. 7 lies in each of its neighborhood.
2. Intersection of two neighborhoods of T is itself a neighborhood of 7.

3. If N is a neighborhood of Z, and U C X contains N, then U is a neighborhood
of 7.

4. If N is a neighborhood of 7, N, the interior of N is also a neighborhood of 7.

The interior of N is N = {y € N|N is a neighborhood of j}.
A topological space is obtained when there are points in the space that share a
metric (sense of connectedness).

2.4.3 Key concepts on Simplicial Complexes

Building on Definition 2.4.21, dealing with the idea of a simplicial complex. The major-
ity of concepts and theory in algebraic topology has been proposed for the continuous
domain, which make it inaccesible to implement in a computer. One of the most used
techniques to transfer these concepts to the discrete domain are simplicial complexes.
An informal definition for simplicial complexes is that they are a combinatorial space
that can represent a space. If this was to be applyed to surfaces, simplicial complexes
are triangulations that allow a computer to represent a finite sample of a surface, Figure
2.35 shows a visual exmaple of simplices in different dimensions.

b b
c
a a b a
¢ d
vertex edge triangle tetrahedron
{a} {a, b} {a,b, c} {a,b,c,d}

Figure 2.35: From left to right: a 1—simplex, 2—simplex, 3—simplex and 4—simplex, from
[75].

A k—simplex is the convex hull of k+1 affinely independent points S = {vg, v1, ..., vx}.
The points in S are the vertices fo the simplex. For this definition we must clarify two
basic concepts:
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e A convex hull is a set which is a subset of an affine space where: for every pair
of points within the region, every point on the straight line segment that joins
the pair of points is also within the region, [76]. See Figure 2.36 for a visual
representation.

Figure 2.36: A 3D convex hull of a 120 point cloud, from [77].

Topological and geometrical characteristics are associated, generally, to continuous
spaces. Data gathered as finite sets coming from observations do not reveal, directly,
any type of topological information per se. A natural way of associating topological
characteristics to discrete data is to “connect” those dots found close one to another,
revealing, globally, a sense of the underlying continuous shape of the set [78].

Quantization of the notion of closeness between the point data is typically achieved
using a meassure of distance (metric of dissimilarity). For Topological Data Analysis,
it is frequently convenient to consider the sets of data as discrete metric spaces or
sampling of metric spaces [78].

2.5 Topological Data Analysis Pipeline

2.5.1 Create connections between proximate points.

This stage is fulfilled by bulding a simplicial copmlex, for this there are many approxi-
mations. The following are commonly used ways of integrating a simplicial complex.
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The Cech complex [79]

Given a set of points P = {p1,p2,...,pn} C R? and a real value r > 0, a k—simplex(c =
Digs - - - » Piy,) 1s in the Cech complex C"(P) if and only if:

U B, ) #0 (2:2)

0<j<k

The Vietoris-Rips complex [79]

Given a set of points P = {py,pa, . ..,p,} C R?and areal value r > 0, a k—simplex (o =
Digs - - - » Diy,) 1s in the Vietoris-Rips (Rips) copmlex R"(P) if and only if:

B(pi;, ) N B(pii, ) # 0 (2.3)
for any 7, j/ € [0, k.

Cech complex Ci, Vietoris-Rips complex V.

Figure 2.37: Visualization of the construction of a Cech and Vietoris-Rips complexes with e
as the parameter for constructing the ball around the point data. As shown by Bastian Rieck
in [80].

Figure 2.37 shows the obtention of the Chech and Vietoris-Rips complexes of the
same point cloud. Both complexes are visualized for the same value of the scale pa-
rameter (¢). The Cech complex contains a triangle for each subset of three balls with
a non-empty intersection. By contrast, the Vietors-Rips complex contains a triangle
whenever three balls have a pairwise intersection.

Delaunay complex [81]

Also called the Delaunay triangulation in lower dimensions.

Given a set of points P = {p1,p2,...,p,} C R? and a real value r > 0, a k —
simplex (o = pyy, ..., p;,) is in the Delaunay complex Del(P) if and only if there exists
a ball B whose boundary contains vertices of ¢ and that the interior of B conatins no
point from P.
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A simplex in Del(P) is also called a Delaunay simplez.

This approach is key in the fields of surface reconstruction and meshing. For points
in high-dimensional space, the construction of a Delaunay complex is computationally
expensive. Therefore, the Delaunay complex is less appealing for high dimensional data
analysis.

Witness complex [82]

Witness complexes are used when one needs to build a complex on a subsample while
leveraging information from the original points. Witness complexes can be defined as
weak and strong as presented in the next paragraph. A simplex o = {(qo, ..., q) is:

e Weakly witnessed by a point z if d(g;,z) < d(q,x) for any ¢ € [0,k and
QEQ\{QO77(]1~:}

e Strongly witnessed by a point z if in addition to being weakly witnessed by =z,
we also have that d(g;, z) = d(g;, z) for any 7,5 € [0, k].

For a formal definition of a Witness complex we have to consider the following:

Given a set of points P = {p1,...,p2} C B? and a subset Q C P, the witness
copmlex W (@, P) is the collection of simplices with vertices from () whose all faces are
weakly witnessed by some point in P.

2.5.2 Determine topological structure of complex.

In order to calculate homology groups, we must first define an orientation on the simplex
by selecting a particular ordering of the set of vertices. An orientation on an n—simplex
induces orientation on its (n — 1)—faces.

/o1

V:ie——>——oV

Figure 2.38: Orientation of a 2—simplex.

Figure 2.38 visually exemplifies the concept of the orientation of an n—simplex,
using the example in R%. The following considerations can be derived from it:

e Given the orientation (vg,vy,vs), the orientation induced on its 1-faces is es =
(vo, v1), €0 = (v1,v2), €1 = (v2,p).

e Formally:
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— If A" = (vg,v1,...,v,) is an oriented *n-*simplex, then the orientation fo
the (*n*-1)-face of A™ with vertex set {vg,...,vi11,...,0,} is given by: F; =
(—I)Z(Um ey Uity e - s 7Un)-



Chapter 3

Development of Research Strategy

Eye fundus images used for this project were taken from the EyePACS [83], MESSIDOR
[84] and APTOS [85] projects. For the particular task of Image Quality Assessment
we used labels proposed in [86], as pre-sented by [87]. We modeled the phenomenon as
a binary classification between images with quality (good) and those without quality
(bad), also adjusted for class imbalance by randomly selecting subsets by label of 2000
images each. Figure 3.1 shows a sample of images by label.

A B C
H
E F G

Figure 3.1: Examples of EyePACS images selected for the study with label good quality

(A,B,C,D) and bad quality (E,F,G,H). Where there is variability within labels given by color,
illumination, blurring, and anatomical landmarks.

41
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3.1 Topological Interpretation of Digital Images

3.1.1 Cubical Complexes for the Representation of Digital Med-
ical Images

Considering the need to use mathematical objects to represent 2D digital images, cu-
bical complexes arise as a natural representation for this domain [88] given that pixels
can be represented by 2-cubes and voxels by 3-cubes, as shown in Figure 3.2. This
approach has already been used by [89] to analyze images of blood vessels by inter-
preting segmented images from Magnetic Resonance Imaging as cubical simplexes and
calculating their homological groups.

...

O-cube, a I-cube, 2-cube, a 3-cube, a
vertex an edge square cube

Figure 3.2: Examples of n—cubes

A cubical complex is a combinatorial structure used in topological analysis where a
0-cube is called a vertex, a 1—cube, an edge, a 2—cube a square, and a 3—cube, a cube.
This concept is built on the theory of elementary intervals and cubes as mentioned by
[90].

In a cubical complex (K), multidimensional cubes (o¢) play the role of simplices,
where a finite cubical complex in R? is a union of cubes aligned on the grid Z? satisfying
specific conditions as with simplicial complexes. A d—dimensional digital image can be
considered as a discrete map J : I C Z¢ — R. In this context an element C € I is called
a pixel when d = 2 and a voxel when d = 3. Z(C) is the correspondent intensity or
grayscale value. For the case of a binary image, the discrete mapis B : I C Z¢ — {0, 1}.
We choose to represent images as cubical complexes where a pixel is represented by a
d—cube and all its faces (adjacent lower-dimensional cubes) are added. A function on
the resulting cubical complex I by extending the values of the pixels to all the cubes
o in K as Equation 3.1 shows.

J'(c) = min J(1) (3.1)

o face of 7
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3.2 Testing Persistent Homology in Normal and Patho-
logical Eye Fundus Images

To be able to run a persistent homology analysis, a sense of a filtration is achieved by
binarizing the grayscale image at each luminescence value as threshold, this results in
a set of 256 binarized images [26], which can then be interpreted as cubical simplices
and, therefore, obtain their homological groups in 1 and 2 dimensions expressed in Betti
numbers (5o, B1). This process is summarized on Figure 3.3.

Subset from
MESSIDOR
Generate a set of binarized Obtain homological groups
Load RGB Convert to images using as threshold for 1 and 2 dimensions
image grayscale each value from depth of (Betti numbers) from the set
luminescence of binarized image.

Summarize Betti numbers per
grayscale image set using

ﬁ mean, median and standard
deviation

Isit
possible to
find differences
from the normal and
pathological
subsets?

Betti 1 and 2
stored in array
per grayscale
image

e————

Back to
theory to find
other
approaches

No-

Yes

'

Move towards modeling
normal and pathological
eye fundus from their
images

Figure 3.3: Flowchart of process described in this section.

Running this process did not show significant differences in the curves obtained
from normal versus pathological images when summarized by the mean, median, and
standard deviation of their values, and considering them as probability distributions
for their comparison (See Table 3.1).
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Mean of Means of Betti Numbers for Mean of Means of Betti Numbers for
Normal Imgs Retinopathy Imgs
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Figure 3.4: Means of Medians of Betti numbers values in 1 and 2 dimensions. The X axis
has been cropped to luminescence values from 30 to 180.
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Figure 3.5: Means of Medians of Betti numbers values in 1 and 2 dimensions. The X axis
has been cropped to luminescence values from 30 to 180.
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Figure 3.6: Mean of Standard Deviations of Betti numbers values in 1 and 2 dimensions.
The X axis has been cropped to luminescence values from 30 to 180.
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p-value
_ Bo B
X of Means 0.9830.979
X of Medians 1 1

X of Standard Deviations0.4150.364

Table 3.1: Results of running Unpaired T-Test to the resulting vectors shown in Figures
3.4, 3.5 and Mann Whitney test to the resulting vector in Figure 3.6, comparing normal and
pathological images.

Given that the results showed in Table 3.1 do not provide evidence to suggest sig-
nificant differences between normal and pathological images, a more sensitive approach
would seem to fit at this point to solidify the idea of a lack of significant difference or
argue towards the need for a more granular method. This situation was approached by
implementing an analysis with cross correlation.

3.3 Cross correlation, towards a more granular ana-
lysis

Cross-correlation is a technique measuring similarity in a pair of waveforms as a function
of a time-lag applied to one of them. It is also known as a sliding dot product [91]. For
continuous functions f and g, their cross correlation is defined as:

e 2 [ Fa= gt 32)

Which is equivalent to:

o0
Fron) 2 [T gt (33)

Where m denotes the complex conjugate of f(t), and 7 is the displacement,
also known as lag (a feature in f at t occurs in g at t + 7)

This approach is used to measure similarity of one waveform to another. In this
particular case we use it to extract granular differences in the waves that could be
related to the health-disease continuum of retinal images, in the context of diabetic
retinopathy.

The signals used are taken from Figure 3.4. A cross correlation analysis is per-
formed using the mean of means as the statistical descriptor extracted from normal
and pathological images. Luminescence values are used as the lag factor 7 in Formula
3.2.

The results for Betti numbers in one and two dimensions can be seen in Figure 3.7,
where it is evident that both, Betti 0 and 1, peak at very close 7 values.
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— Betti 0
08 Betti 1
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Figure 3.7: Cross correlation of mean of means, medians, and standard deviations of 8y and
B1 numbers of normal and pathological images. A window at the same interval in the three
images with potential relevant has been highlighted.

To test for difference in the waveform of correlations of the statistical descriptor
obtained from normal and pathological images, a subtraction of waveforms following
Formulas 3.4 and 3.5 is calculated for Sy and 8;. We direct the reader to note that
this process averages the difference of each of the images in the subset of normal and
pathological, therefore allowing to compare the resulting waveform as the mean of the
whole subset in question.

X{ <uxw,ml * Z normali) — (,u%at,w * Z normali) } (3.4)

=1 =1

X{ (,uxmrmal * Zpathoi) — (:“zpatho * ZpathoZ) } (3.5)
i=1 i=1

The resulting wave forms of this analysis can be seen in Figure 3.8. A Wilcoxon
test was performed to evaluate for dissimilarity of the wave forms from the subset of 20
units of luminescence shown in the same Figure. Table 3.2 shows the results, where the
statistically significant difference between normal and pathological is evident at, both,
Bo and B values.

p-value
500.0111
£10.0003

Table 3.2: Results of running a Wilcoxon test to the regions of interest of wave forms in
Figure 3.8, with a 95% confidence interval.

Results reported in Table 3.2 give evidence of a statistically significant differ-
ence between the wave form from normal versus pathological images. This allows for
the argument that extracting homological groups in 1 and 2 dimensions from cubical
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Figure 3.8: Resulting waveforms from applying Formulas 3.4 and 3.5 to By and (; values.
A centered window of 20 units of luminescence has been added for a granular visualization of
the region of interest.

complexes, representing binarized images from the eye fundus of normal and patholog-
ical images, is granular enough to detect clinically relevant differences between them.

Once there is evidence that computational topology, through homological tools,
is able to detect differences between images of normal and pathological eye fundus
images, the next steps taken on this project are directed towards performing image
quality assessment and, at one point modeling normality and pathology as showed on
images of the eye fundus, in the context of diabetic retinopathy.

3.3.1 Modeling normality in digital eye-fundus images

In order to keep this method clinically relevant, we are following the way a fundus eye
image is evaluated by a clinician:

1. Automatic selection of significant regions where information is found (background
extraction).

2. Anatomical landmarks identification.

3. Identification of pathological changes.

These steps can be translated into processes of the method as shown in Figure 3.9.
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Figure 3.9: Subprocesses according to clinical approach.

In order to approach the first step shown in Figure 3.9 a summary of the process is
shown in Figure 3.10. This process uses elements from homology to guide the selection
of optimal parameters in the algorithm, from now on called TRBE (Topology Regulated

Background Extraction).
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each binarized img change and their s (1,85) background
martching index in t. index. . e segmentation.

Figure 3.10: Topology Regulated Background Extraction (TRBE) Process.

Algorithm 1 presents a general approximation to a background extraction in generic
images, it takes as inputs a grayscale image A and a threshold value ¢ for the creation
of a mask. The challenge with having a static threshold is that a single static value
will not be adequate for all the images in the dataset. For this reason, an approach
calculating homology groups of the resulting masks to evaluate suitability of the results
is proposed to fine tune Algorithm 1.

Algorithm 1 downsizes A and generates the binarized image with a smaller image,
then it returns the output to the original size of A, in order to lower computational

time.
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Algorithm 1: maskBack. Background extraction algorithm

input : An image matrix A™*" of a grayscale eye fundus. A threshold
integer value t.

output: Image matrix M"*" representing background when M4 (7, 7) =0
and foreground when M4 (7, j) = 255

1 begin

2 for i <~ 0tom —1do

3 for j < 0ton—1do

4 if A(i,7) > t then Ma(i,j) = 255;
5 L else My(i,j) = 0;

Where:
m = width of A.

n = height of A.

my = width of B.

ny, = height of B.

Generation of ground truth

For the evaluation of the results a manual segmentation of the eye fundus was per-
formed in each of the subsets of Normal and Abnormal images for both APTOS and
MESSIDOR datasets. Given that the area with information of interest in an eye fundus
image is delimited by a circle, a circular mask was implemented (Figure 3.11) to obtain
these segmentations to be used as ground truth for the following steps in the analysis.
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MESSIDOR Dataset Sample Manual Segmentation

Manual Segmentation

A
\ 4

Figure 3.11: Examples of mask resulting from a manual segmentation on images from
MESSIDOR and APTOS, notice that the masks are missing the characteristic protrusion on
the image generated by the optical sensor, this is true for all masks used as ground truth.

Mean Squared Error (MSE)

This metric is used to compare between the output of TRBE generated to the ground
truth as well as to other methods published in the literature, if needed.

The Mean Squared Error calculates the average squared difference between the
estimated values and the actual value. It is always non-negative where values closer
to zero are indicative of less difference between teh calculated and actual values. For
2d-arrays, such as grayscale images, MSE is calculated as shown in Formula 3.6:

i

m—1 n—

MSE = % Z . [A(i, 7) — B(i, §)]? (3.6)

Where:
e m =height in pixels of both images (they both have to share the same size).
e n =width in pixels of both images.

e A B =image matrices to be compared.

3.3.2 Optimization through an iterative process

In order to move towards the identification of a metric to be used in this process, an
iterative approach to the optimization of the optimal 3, and [3; values was performed on
the subset of images where there were manual segmentations (ground truth) available.

The approach consisted of iterating on the whole depth of luminescence and using
each available value for the parameter ¢ for each image. Given that both Aptos and
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Messidor datasets contain 8-bit images, the range of values available ended up being
t = {0,1,...,255}. At each binarization the other parameters were also calculated
(Bo, B1, MSE). Then the minimum MSFE was selected along with the corresponding
subset of complementary values (¢, 5o, 51) and saved to an array with the results from
the rest of the images in the dataset. Figure 3.12 shows the visualization of the results
in an example from both datasets.

/20051020_44261_0100_PP.tif /e69b48516577.png
30000 60000

50000

40000
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Min MISE = 330, t = 39

Count

Min MSE = 300,t=7
5000 10000

D
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Threshold Value Threshold Value

(a) Example from the MESSIDOR dataset. (b) Example form the APTOS Dataset

Figure 3.12: Examples of the results from the iterative optimization process.

It is evident that the visualization of the region where the closest mask to the manual
segmentation is not optimal. In order to fix this all three vectors were projected to the
same range through normalization, following Formula 3.7:

’ Xmax - Xmin
Where:
e X! = the ¢ — th element of the normalized vector.
e X; = the i — th element of the original vector.
e X,,i» = the minimum value of the original vector.

e X, = the maximum value of the original vector.

The results are presented in Figure 3.13, eventhough more details are visible with
this approach, the region where the optimal subset of ¢ is found is not clearly seen. In
order to maximize the visualization of such region both axis were projected in logarith-
mic scale, this can be seen in Figure 3.14

Given that the interest of the evaluation is to focus on 3y and [; indicators so the
method can be expanded to images without a manual segmentation, the visualization
of logarithmic scales on both axes without normalizing the values contained on the
indicator vectors is proposed as the ideal to run the analysis for all manually segmented
images. The example of this visualization using the same two images previously shown
can be seen on Figure 3.15.



CHAPTER 3. DEVELOPMENT OF RESEARCH STRATEGY 52

Normalized Normalized
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(a) Example from the MESSIDOR dataset. (b) Example form the APTOS Dataset
Figure 3.13: Examples from Figure 3.12 with normalized values.
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(a) Example from the MESSIDOR dataset. (b) Example form the APTOS Dataset

Figure 3.14: Examples from Figure 3.13 with axis in logarithmic scale.
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(a) Fig.3.12a with logarithmic scale. (b) Fig. 3.12b with logarithmic scale.

Figure 3.15: Examples of iterative optimization process visualized with logarithmic scales
on both axis.

A pattern can be seen on Subfigures 3.14a, 3.14b, 3.15a, and 3.15b where [y and 3,
values seem to reach a local minima plateau around the region of minimal values for
MSE. If this pattern is evident for the rest of the images in both datasets
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then finding such plateau for 5, and ; values could be used to select a subset
of candidates for ¢t in TRBE. The visualization of all images used for this stage in
the process can be accesed through the follwoing links:

Messidor Normals.

Messidor Abnormals.

Aptos Normals.

Aptos Abnormals.

Subseting thresholding values

Once the results from Subsection 3.3.2 are obtained for fy, 81 and M SFE, the following
step is to select a subset of ¢ corresponding to the local minima plateau region men-
tioned at the end of the previous Subsection. Given that the local minima plateau will
be located towards the lower values of luminescence, only this section of the vector is
of interest out of all the luminescence depth. For the previous reason the luminescence
vector is split into four sections and the one with ¢ values closer to 0 is selected. There-
fore, for the following steps we will be working with the subset t = {1,2,...,64}. The
results of running the above process are shown on Figure 3.16.

Subset of local minima for: Subset of local minima for:
/20051020_44261_0100_PP.tif /e69b48516577.png
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Figure 3.16: Results of local minima found on images from Figure 3.12, region highlighted
on cyan.

For Subfigures 3.16a and 3.16b the values within the cyan bands are as follows:
e Subfigure 3.16a:

— ¢+ =1{6,7,8,9,10,11,12,13,14,15,16,17,18,19,20,21,22,23,24,25,26,27,28,29,30,31,
32,33,34,35,36,37, 38,39,40,41}

e Subfigure 3.16b:
— t = {9,10,11,12,13,14}
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Testing TRBE with APTOS images
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Figure 3.17: Local minima when ¢ = {7,8,9,10, 11,12}
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Figure 3.18: Local minima when ¢t = {11,12,...,39}
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Figure 3.19: Local minima when ¢ = {(}
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Figure 3.20: Local minima when ¢ = {1,2,...,83}

Otsu’s method for dynamic background extraction for performance compar-
ison

This method is an adaptive thresholding approach to the binarization of an image. It
achieves this by iterating through all luminescence values as possible thresholds and
finding the optimal option so that within class variance (Vi) is minimal [92].
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The first step in the method is to obtain an image histogram from a grayscale image.
As shown in Figure 3.21.

300000 -

250000 -

200000 -
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100000 -

50000

S .

0 100 200

Figure 3.21: Eye fundus image in grayscale format and the resulting image histogram.

The next step in the method is to calculate within-class variance (V,,) [93], where
the goal is to find the threshold producing the minimal V,,, following formula 3.8:

N
V= (W;xa}) (3.8)
i=0
Where:
L] M/z == Xi / N

e X, = pixels in class i

e N = total number of pixels.

2 — Zf\;o (Xifﬂ)z

e U ~

Another way of approaching this problem is by finding the threshold producing the
maximum between-class variance (V;) [93], which is the variance between two classes.
Therefore, if pixels are classified in N classes or categories then the between-class vari-
ances can be deducted as following:

Vy=Vr -1V, (3.9)
Where:
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e 1}, = between-class variance
e V7 = total variance
e V,, = within-class variance

Figure 3.22 shows the result of apllying Otsu's method to the image in Figure 3.21
using V}, for details of the implementation used see [94].
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(a) V, values with maximum indicated. (b) Histogram with optimal threshold.

(c) Resulting mask.

Figure 3.22: Results obtained with Otsu's method, showing image histogram and threshold
used to generate binarized image.

3.3.3 Luminescence-based filtration of a cubical complex de-
rived from a digital image

A grayscale image comes with a natural filtration embedded in the grayscale values of
its pixels. Let IC be the cubical complex built from the image I. Then, let:

Ki={oeK|J (o) <i} (3.10)

for the i — th sublevel set of IC. The set {K,}ics defines a filtration of cubical
complexes, indexed by the value of the grayscale function 7.

All images in the EyePACS dataset are in the 8—bit format, therefore the grayscale
versions have a depth of luminescence of 256 values (0 for absolute black, 255 for
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absolute white, and shades of gray for the corresponding values in between them).
According to the previous information and following Formula 3.10, a natural filtration
with 256 sublevels can be extracted from these images once they are interpreted as
2—cubical simplices given that i = {0,1,2,...,256}.

A B C

19

Grayscale as 2-cubical simplex

Figure 3.23: Example of the process of transforming a color eye fundus image from the
EyePACS dataset (A) to the grayscale version (B) and a simplification to show how pixels in
a grayscale image fulfill the definition of a cubical complex in 2 dimensions (C).

Component C in Figure 3.23 exemplifies the issue of a pixelated version of compo-
nent B where pixels are visible as cells in a 2D grid (the image matrix) and naturally
interpretable as 2—cubes (see Figure 3.23), each one of the four sides of a pixel (lines
delimiting each cell in the image matrix) can be interpreted as a 1—cube (see Figure
3.23). Following a combinatorial approach, we obtain a mathematical object represent-
ing the digital grayscale image on which Topological Data Analysis can be performed,
namely the 2D cubical complex.

3.3.4 Cubical Filtrations

The steps to obtain a filtration from a grayscale image are as shown in Equation 3.11:

Image — Cubical complex — Sublevel sets — Filtration (3.11)

Figure 3.24 shows a filtration of a cubical complex induced by the grayscale values
contained in the image matrix and the corresponding barcode, notice that the bar-
code only has one element per homological group (0 and 1 dimensional topological
characteristics), this information is reported in the form of Betti numbers (/3;); where
Bo = the number of 0—dimensional topological characteristics or connected components
(connected complete black pixels for the use case of this work) at a specific sublevel
filtration, #; = the number of 1— dimensional topological characteristics or holes inside
connected components (complete white pixels inside components made of black pixels),
this analysis is called persistent homology (PH) [95]. The figure presents an oversim-
plified example. Real data will typically have multiple bars per homological group in a
filtration as seen in Figure 3.24.
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Figure 3.24: Induced filtration of a 3x3 grayscale image matrix and the correspondent
barcode for Sy and f;. Using a luminescence depth of 4 elements, L = {1, 2, 3,4}, to simplify
the example.
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Figure 3.25: Corresponding bar codes for 0 and 1-dimensional homological groups (A,B) of
Figure 3.23-B. Displayed on the z axis are the filtrations sublevels (since it is an 8—bit image
there are 256 sublevels available). The y axis shows a count of structures per sublevel in the
form of bar codes. Each barcode starts and finishes at the birth and dead sublevel value for
the structure it represents.

Figures 3.24-A and 3.24-B show at least one bar that persists longer than the rest
for each dimension (H, and H;). Figure 3.26 explores in a visualization some of the
sublevel sets (grayscale values) corresponding to each bar per dimension.
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Figure 3.26: Visualization of binarized images from Figure 3.23-B thresholded at grayscale
values contained in the topological elements persisting for the largest amount of sublevel sets
in the filtration represented by barcodes in Figure 3.25. Done for the bar in Hy (A) and H;

(B).

By binarizing Figure 3.23-B using threshold values contained in the longest bar
of Figure 3.25, we can appreciate the resulting series in Figure 3.26-A; a connected
component of clinical relevance appears at around a grayscale value of 60 and persists
until a value of 90 before merging into a larger unified component with the background
at around a grayscale value of 100. Interestingly this spot, connected component, or
0—dimensional homological group is consistent with the macula and fovea as anatomical
landmarks. It is here at this point that the topological results begin to connect with
clinical meaning for the domain of which the data comes from, in this case eye fundus
images and the diagnostic process in which they are used

Figure 3.25-B also shows a 1—dimensional homological group persisting significantly
more than the rest in the filtration (from 2 to over 200). This means that there must be
a recognizable hole (H; homological group) when binarizing the image using threshold
values contained in the bar for such homological group. Figure 3.26-B shows a series of
binarized images using some of the values in the range of 2 to 240 and visually confirms
the topological findings with a persistent hole which first represents all the area of
the camera sensor in which the information of the eye fundus image is contained and
shrinks until the anatomical region where the optic disk would be expected to be. This
is consistent with clinical practice where the area of the optic disk is typically regarded
as the brightest in a healthy eye fundus evaluation. Again, connecting 1—dimensional
topological structures to clinical meaning.
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3.3.5 Topological Indicators Derived from Digital Images

Once an eye fundus image has been interpreted as a 2D cubical complex and a cor-
responding PH analysis has been performed, as shown in Subsection 3.3.4, the results
must be vectorized to provide an input that machine learning (ML) algorithms can
take for classification purposes. For this work ML algorithms are used to perform Im-
age Quality Assessment (IQA) of the eye fundus images. This section presents details
dealing with the process of vectorization of topological results represented by persistence
diagrams.

Figure 3.27 shows a representation of the pipeline used in this work to perform
Topolog-ical Data Analysis (TDA) and obtain a vectorized representation to feed a
ML classificator (in this case a Logistic Regression), each eye fundus image was first
converted from color to grayscale (Figure 3.23) and then, entered the pipeline described
in this Section.

Grayscale Image

Induced filtration with grayscale values:

Raw data

Persistence
Diagram

PD with Luminescence Values PD with scaled luminescence values PD with 20% of data filtered out

][ TN Rt Number of

J

T~ Points
in PD

Representations

Persistence Curves
Persistence Landscapes

L{l,Z)’ Kki1.2}

Persistent Entropy- Bottleneck and

L(L} . —
‘ J Wasserstein Distances

—» [18, 23.205 ,..., 50.005, 56.03]

Representation

Figure 3.27: Representation of pipeline for extraction of topological descriptors of eye fundus
images.
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3.3.6 Persistence Diagrams

A persistence diagram (PD) is a visual representation of a set of points {(b, d)|b, d € R?}
and d > b, where d = death of the topological feature and b = birth of the topological
feature [14]. In order to be able to feed topological features represented in a persistent
diagram to a machine learning algorithm they must be vectorized.

Figure 3.28 shows the corresponding PD for 0 and 1—dimensional topological char-
acteristics obtained from a PH analysis of Figure 3.23-B. Notice that the results are
consistent with those observed in the codebars in Figure 3.25, only that it is easier to
identify persistent characteristics.

200 ’ 200

1504 1501

Death
Death

100 ° 100

Birth Birth

Figure 3.28: Persistence Diagrams (PDs) corresponding to barcodes in Figure 3.25, notice
that the same information is presented in a more understandable manner, where the diagonal
line represents the birth value and the points above the diagonal represent the dead value
of a given topological characteristic. PDs facilitate the identification of noise versus relevant
topological characteristics.

3.4 Vectorization of results in Persistence Diagrams

The following paragraphs explain how results shown in a PD are vectorized for the
analysis implemented in this work. From this point on eye fundus images are represented
by their corresponding PDs over which the rest of the analysis is performed.

3.4.1 Persistent Entropy of Persistence Diagrams

It is an intuitive measure of the entropy of the points in a persistence diagram. It
results from extracting the Shannon entropy of the persistence (lifetime) of all cycles
(topological structures) [37,38].
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Let D = {(b;,d;)}ucr) be a persistence diagram with each d; < +oco, where b; =
the ¢ — th topological birth point of the structure, and d; = the i — th topological dead
point of the structure. The persistence entropy of D is defined in Equation 3.12.

ZL log< lj3)> (3.12)

Where: [; .= d; — b; and L(B) :=1y,...,1l,, as the sum of all the persistences.

3.4.2 Bottleneck Distance

Let X and Y be two persistence diagrams. To define the distance between them, we
consider bijections 1 : X — Y and record the least upper bound (sup) of the distances
between corresponding points for each. Measuring distance between points z = (1, x2)
and y = (y1,y2) With Loc-norm: ||z — ylloo = maz{|z1 — 41, [v2 — y2[} and taking the
greatest lower bound (inf) over all bijections, we get the bottleneck distance between
diagrams [96], as shown in Equation 3.13.
We(X,Y) = inf sup|z—n(z)|w (3.13)
n:X—=Y pex
A drawback of the bottleneck distance is that it is insensitive to details of the
bijection beyond the furthest pair of corresponding points.

3.4.3 p—Wasserstein Distance

The p—Wasserstein distance between X and Y for any positive real number p, takes
the sum of p—th powers of the L., distances between corresponding points, again min-
imizing over all bijections, as shown in Equation 3.14.

1/p

W,(X,Y) = inf ZHx— )% (3.14)

It is also known as the Earth’s movers distance because, intuitively, it can be in-
terpreted as the minimum energy cost of moving a pile of dirt in the shape of one
probability distribution to the another. Therefore, the p—Wasserstein distance mea-
sures the similarity between two presistence diagrams using the sum of al edge lengths
[97].

3.4.4 Persistence Landscape

The k—th persistence landscape of a barcode {(b;,d;)}; in the function Ay : R —
[0,00) is the k—th largest value of { fu, (%)}, with:
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0 if x € (b,d)
fbyd(x) =qx—b ifxe (b, %) (315)
—x+d ifme(%,d)

The parameter k is called the layer. In this work we consider curves obtained when

ke {1,2} [98, 99).

3.4.5 Betti Curves
For the porpuse of this work, the Betti curve B,, : I — R of a barcode D = {(b;,d;) }jer

is the function that returns for each step 7 € I, the number of bars (b;, d;) that contain
J, as shown in Equation 3.16.
ZH#{(ijd])}vz € (ijdj) (316)
Where # stands for cardinality.

3.4.6 Gaussian Kernel

By placing Gaussians of standard deviation o over every point of the persistence dia-
gram and a negative Gaussian of the same standard deviation in the mirror image of
the points across the diagonal, the output of this operation is a real-valued function on
R?. For this work, we use o € {1.6,3.2} [100].

3.4.7 Number of Points in Persistence Diagram

This indicator refers to the number of off-diagonal points in a given persistence diagram,
per homology dimension. Given a persistence diagram consisting of birth-death—dimension
triples [b, d, g, subdiagrams corresponding to distinct homology dimensions are consid-
ered separately, and the respective numbers of off-diagonal points are counted and
reported as the result.

3.5 Machine Learning Classifiers

Once the topological indicators are vectorized as mentioned in Section 3.4, the dataset
is ready to be processed by standard machine learning classifiers. For this work, we
explored the following algorithms:

e Support vector machine,
o (lassification tree,

e k—nearest neighbors,
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e Random forest,
e Logistic regression,
e Multilayerd perceptron.

For these initial explorations, the authors used Orange3 [101], selecting the default
hyperparameters proposed by the software for each of the algorithms. Then, a subset
of algorithms was selected based on their performance and evaluated in more depth in
order to choose the classifier to use for this work.

3.6 Metrics for Evaluation of Performance of Clas-
sification Algorithms

Given a confusion matrix, as shown in Figure 3.29, in the context of a binary classifi-
cation, the following indicators are identified:

e True positives (TP): entities classified by the algorithm as true to the label
evaluated when the reference is also true.

e True negatives (TN): entities classified by the algorithm as true to the label
evaluated when the reference is false.

e False positives (FP): entities classified by the algorithm as false to the label
evaluated when the reference is also false, also known as Type I Error.

e False negatives (FN): entities classified by the algorithm as false to the label
evaluated when the reference is true, also known as Type II Error.

Actual Values

|
\J ¥
Positive Negative

False Negatives (FN)
True Positives (TP) or
Type Il Error

Positive

Predicted Values

False Positives (FP)
or True Negatives (TN)

Type | Error

Negative

Figure 3.29: Visualization of a generic confusion matrix.
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The following metrics are used to report on algorithm performance on this work
[102]:

Accuracy

This metric answers the following question: overall, how often is our model correct?
It is calculated using Equation 3.17:

TP+TN
TP+TN+FP+FN
It does not work well with class imbalance, nor does it give detailed information
about the application of the problem.

Accuracy = (3.17)

Precision
This metric answers the following question: what is the ratio between the true
positives and all the positives? It is calculated using Equation 3.18:
TP

Precision = W (318)

This metric helps when the impact (defined by the domain of the data) of false
positives is significantly high.

Recall
This metric answers the following question: what is the measure of our model
correctly identifying true positives? It is calculated using Equation 3.19:

TP
Reca” = m (319)

This metric helps when the impact (defined by the domain of the data) of false neg-
atives is significantly high. It is also known as sensitivity or true positive rate (TPR).

F1l-score

This metric is a combined measure of precision and recall. Therefore, a relatively
high Fl-score will mean that there are low false positives and low false negatives in the
results generated by the classifier. It is calculated using Equation 3.20:

TP TP

X preciston X recall
F1=2x I TDEIN — 9 = 0 (3.20)
TP+FP + TPLFN precision + reca

Receiver-operating characteristic (ROC) curve:

This curve is considered a comprehensive performance measure and it is obtained
by visualizing the true positive rate (TPR) versus the false positive rate (FPR), this
last one is calculated following Equation 3.21:

P

FPR=1- ficity =1 — ———
R Speci ficity FPLITN

(3.21)
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Area under the curve (AUC):

Once a ROC curve is generated, the area under such curve can also be used to
measure the performance of the algorithm. The AUC shows the probability that a
randomly classified positive sample becomes a higher score than a randomly classified
negative sample. It can be expressed as shown in Equation 3.22:

AUC = P(Xpos > Xneg) (3.22)

Matthews correlation coefficient (MCC):

Typically used to evaluate the performance of classifiers when dealing with data
with an unbalanced proportion of elements in each of the labels of the target variable
[103], it is obtained by following Equation 3.23:

(TP x TN) — (FP x FN)

MCC =
V(TP + FP)(TP + FN)(TN + FP)(TN + FN)

(3.23)




Chapter 4

Results

4.0.1 Performance evaluation of TRBE versus Otsu’s method
for background extraction in eye fundus images
Eventhough a through analysis is in the making, preliminar results show that TRBE

is much rubost to noise and low quality images than Otsu’s method. Nevertheless, a
detailed analysis is on the making.

Img Otsu tTRBE tMSE OtsuMSE TRBEClosest to Manual Seg
0 /d18e5b68f6d2.png  46.0  25.0 759 487TRBE
1 /4818672273af.png  38.0  28.0 1262 1210TRBE
2 /clebfalad3l4.png  32.0 215 441 377TRBE
3 /8ab8d9b3cedf.png  63.0  46.5 285 250TRBE
4 /c613dblcab27.png 46.0  36.5 345 311TRBE
5 /4e43d05cc2ef.png  40.0  26.0 628 591TRBE
6 /82bb8a01935f.png  42.0  26.0 1259 1213TRBE
7 /282bc792d23a.png  46.0  33.5 273 223TRBE
8 /f69400b316a7.png  37.0  27.0 252 235TRBE
9 /c252da9b41d8.png 54.0 415 256 209TRBE
10 /757572337fd0.png  45.0  36.0 323 297TRBE
11 /8cb6b5b2f19c.png  39.0  27.0 543 490TRBE
12 /6e73acb2cf60.png  40.0  24.0 362 326TRBE
13 /237¢078d00fc.png  74.0  22.0 17736 362TRBE
14 /a476fd984005.png  32.0  22.5 1450 1383TRBE
15 /eb5188915f9d.png  48.0  27.5 409 363TRBE
16 /e9ff9352cch3.png 44.0 275 1409 1348TRBE
17 /te0fc67¢7980.png 32.0 19.0 1497 1367TRBE
18 /d91273efb92a.png  56.0  46.0 361 340TRBE
19 /b89938407ee6.png  77.0  16.5 27935 289TRBE
20 /98e8adcf085c.png  24.0 16.0 241 224TRBE
21 /b07bc463b718.png  54.0  20.0 29278 244TRBE

68
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22 /8a9bef2fbdde.png
23 /5265dc9acdf8.png
24 /f901d460517¢c.png
25 /0dce95217626.png
26 /91b6ebaald678.png
27 /al4bbd9ab83e.png
28 /fab9221cf464.png
29 /dc6falb38b83.png
30 /e868c3da340b.png
31 /2a5a8b744f08.png
32 /bfd5c0e55420.png
33 /999115d9386b.png
34 /6b00ch764237.png
35 /0adal2c0e78f.png
36 /849a91e9ab28.png
37 /423abbaabfad.png
38 /fd62bd0db4fl.png
39 /c8fc0df22999.png
40 /fe374492920.png
41 /b95d4dd8ebe2.png
42 /b87f9c59748b.png
43 /27e4c800a449.png
44 /fecbaab755e6.png
45 /ele490773462.png
46 /blf4122fd36a.png
47 /5e7db41b3bee.png
48 /248139c423c4.png
49 /f0c0f7b5e820.png
50 /8bdb891661a8.png
51 /a56230242a95.png
52 /5b76117c4beb.png
53 /278aa860dffd.png
54 /962cf85e4{6d.png
55 /11242a67122d.png
56 /295fdc964f6e.png
57 /86d6308f0609.png
58 /8f1e7433a95d.png
59 /1cbebedcTeel.png
60 /000c1434d8d7.png
61 /7¢9458de5707.png
62 /e7defafeb957.png
63 /6810410187a0.png
64 /0d310aba6373.png

31.0
53.0
40.0
41.0
42.0
49.0
34.0
66.0
57.0
36.0
57.0
47.0
40.0
72.0
41.0
34.0
57.0
46.0
56.0
59.0
55.0
31.0
37.0
40.0
44.0
25.0
71.0
41.0
68.0
57.0
48.0
38.0
58.0
38.0
38.0
34.0
44.0
42.0
34.0
34.0
45.0
53.0
48.0

19.5
44.5
16.0
27.0
26.0
34.5
23.0
27.0
46.5
23.0
44.0
34.5
29.5
16.0
31.5
21.5
20.5
33.5
41.0
46.0
31.0
19.0

9.0
31.0
32.5
13.0
46.5
20.5
16.5
44.5
21.5
26.0
43.5
23.5
26.0
19.5
32.5
31.0
25.0
19.5
33.5
41.0
245

385
229
3306
254
295
468
2386
15860
362
482
292
307
540
37583
375
349
10551
463
466
939
1353
223
5767
1356
512
410
329
890
26823
047
1312
510
415
347
477
434
1295
287
333
330
1253
290
1074

339TRBE
198TRBE
891TRBE
229TRBE
246TRBE
426TRBE
2318TRBE
324TRBE
319TRBE
438TRBE
278TRBE
273TRBE
505TRBE
408TRBE
342TRBE
328TRBE
303TRBE
433TRBE
430TRBE
496TRBE
193TRBE
205TRBE
2215TRBE
1310TRBE
451TRBE
234TRBE
228TRBE
568TRBE
362TRBE
469TRBE
430TRBE
493TRBE
385TRBE
293TRBE
459TRBE
391TRBE
1247TRBE
269TRBE
280TRBE
315TRBE
1196 TRBE
239TRBE
335TRBE
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65 /12a82fc7d73e.png  40.0 30.0 1318 1265TRBE
66 /aa9cfe639efl.png 43.0 29.5 1344 1315TRBE
67 /1b4625877527.png  46.0  33.0 443 389TRBE
68 /f03d3cdcetb.png  39.0  23.0 387 386TRBE
69 /b4f41b5bf0ef.png 37.0 24.0 401 399TRBE
70 /ba08ceec68c71.png  37.0 23.5 394 351TRBE
71 /8fc09fecd22f.png 46.0 31.0 465 431TRBE
72 /44e0d56€9d42.png  50.0  39.5 358 319TRBE
73 /al5652b22ab8.png  39.0 22.0 521 470TRBE
74 /d364423ec69.png 57.0 42.0 242 213TRBE
75 /la7e3356b39c.png  42.0 13.0 10516 1045TRBE
76 /a76b69e443ce.png  44.0 NaN 22192 588460tsu

77 /803120c5d287.png  48.0 31.5 1254 1226TRBE
78 /46c¢dc8b685bd.png  38.0 24.5 353 278TRBE
79 /2376e5415458.png  64.0 21.5 16269 250TRBE
80 /b3d135bd3bb5.png 53.0  39.5 339 304TRBE
81 /3f752fcccecO.png 39.0  26.5 441 389TRBE
82 /281d7b7c7676.png 43.0  35.0 1100 1053TRBE
83 /236f56771ec6.png  31.0 19.0 206 194TRBE
84 /4a0bba3b7d83.png 51.0  38.0 365 336TRBE
85 /fc4d69128e7c.png  69.0  80.5 33383 375440tsu

86 /70ed3ec68b94.png  46.0 37.0 302 261TRBE
87 /b498b84d383f.png  43.0 31.5 1195 1149TRBE
88 /3dfc50108072.png  68.0  45.5 408 370TRBE
89 /6666c4f18396.png  31.0 16.5 729 570TRBE
90 /e19936582c¢61.png  50.0  34.5 265 248TRBE
91 /4abca30b676b.png  60.0 41.5 427 403TRBE
92 /655catb4c¢932.png 60.0 46.0 424 406 TRBE
93 /bad4d2c¢4b3039.png 34.0  23.0 1333 1297TRBE
94 /f999¢6921e6d.png  35.0 18.5 522 421TRBE
95 /92d8a7c8e718.png  75.0 30.5 14841 471TRBE
96 /06b71823f9cd.png  43.0 9.5 8812 1106TRBE
97 /5e7630f8438e.png  46.0  30.0 193 182TRBE
98 /7a238ald3cf3.png  49.0 385 355 309TRBE
99 /85fce24084da.png 57.0 46.5 348 326TRBE
100/7bc2e0fa3f72.png 38.0 13.5 16753 206 TRBE

Table 4.1: Preliminary results of Otsu's method versus TRBE when compared to a manual
segmentation as ground truth.

As shown in Table 4.1 TRBE shows to be a more robust method for dynamic
background extraction than Otsu's method, specially when dealing with low quality
images, which is the kind of images expected in community ophthalmology.
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4.1 Results of vectorization of topological descrip-
tors from persistence diagrams

As shown in Section 3.4, each eye fundus image is represented by a vector of 30 topolog-
ical descriptors and then given to a machine learning classification algorithm to predict
image quality for clinical use. Table 4.2 shows the resulting topological descriptors after
the extraction and vectorization of the 30 topological indicators per image, as explained
in Section 3.4.

Table 4.2: List of the 30 topological indicators calculated per image.

Variables 1-6 Variables 7-12 Variables 13-18 Variables 19-24Variables 25-30
Persistence Entropy — 2-Wasserstein DistancePersistence LandscapeBetti Curve Gaussian kernel

[))0 /30 Lz, k= 1, ﬂo LQ, ﬁg LZ, g = 16, [))0

Persistence Entropy  2-Wasserstein DistancePersistence LandscapeBetti Curve Gaussian kernel

i b1 L2 k=14 L2, B3 L? 0 =16,p

Bottleneck Distance Persistence Landscape Persistence LandscapeGaussian kernel Gaussian kernel

60 L17k:1,ﬂ0 L27k‘:27ﬂ0 L],U:1.6,ﬁo L2,U:3.2,/30

Bottleneck Distance  Persistence Landscape Persistence LandscapeGaussian kernel Gaussian kernel

51 LY k=105 L2 k=205 LYo =16, L[?0=32/}

1-Wasserstein DistancePersistence Landscape Betti Curve Gaussian kernel Number of points in diagram
[))0 L17]{': 2.“‘30 L17;6)0 Ll,a' :32/))0 ﬂ(]

1-Wasserstein DistancePersistence Landscape Betti Curve Gaussian kernel Number of points in diagram
By LY k=205 L', B LYo =326 B/

Preliminary explorations for the selection of a suitable algorithm were done on 6
classificators. Table 4.3 shows the performance metrics of the algorithms used in this
phase. From these results 3 algorithms were selected for the next steps in the process:

SVM, MLP, and LoGit .

Table 4.3: Performance metrics from classification algorithms initially evaluated.!

Model AUCCA PrecisionRecallF1-Score
Support Vector Machine (SVM)0.845 0.7490.761 0.749 0.746
Decision Tree 0.870 0.8940.895 0.894 0.894
k-Nearest Neighbors (k—NN) 0.941 0.8980.900 0.898 0.898
Random Forest (RFC) 0.960 0.9110.912 0.911 0.911

Logistic Regression (LoGit) 0.974 0.9250.925 0.925 0.925
Multilayer Perceptron (MLP) 0.981 0.9350.935 0.935 0.935

In the following step a fine-tuning of hyperparameters of the three selected algo-
rithms was performed. Table 4.4 shows the resulting performance metrics after this

"Where: AUC = Area Under the Curve, and CA = Classification Accuracy.
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process. Finally, the algorithm selected for the classification task was a LoGit because
of the robust performance metrics in yielded and the relatively low computational cost
when compared with both SVM and MLP.

Table 4.4: Performance metrics of fine tunned classification algorithms.

Aleorith Precision Precision Recall Recall F1-Score F1-Score
gort In’I‘raining SetTesting SetTraining SetTesting SetTraining SetTesting Set
SVM 0.961 0.957 0.961 0.957 0.961 0.957
MLP 0.910 0.930 0.910 0.930 0.910 0.930
LoGit 0.989 0.987 0.989 0.987 0.989 0.987

Table 4.5 shows the hyperparameters and values used for the tuning process for
LoGit. The optimal results were obtained when Tolerance = 1e-08, C = 150000, Solver
= liblinear, and Maximum iterations = 10000.

Table 4.5: Hyperparameters values for the tuning process of LoGit.

Parameter Value

Tolerance {1x107*,1x 10751 x 1078}
C {50,000, 100,000, 150,000}
Solver {lbfgs, saga, liblinear}

Maximum iterations{10,000, 50,000, 100,000}

Once the LoGit was trained, it was tested on 600 images it had not previously
classified. The results show consistency in the classification within classes as well as
the global classification accuracy, as shown in Table 4.6. The Matthews correlation
coefficient is also acceptable at 0.864, indicating consistent results in all the confusion
matrix categories, as shown in Figure 4.1. Figure 4.2 shows the corresponding ROC
curve.

Table 4.6: Classification report of LoGit with subset of not previously seen images.?

LabelPrecisionRecallF1-ScoreClaSSlﬁcatlonCount
Accuracy

good 0.912 0.952 0.932 0.932 294

bad 0.952 0.912 0.932 ’ 306

2Matthews correlation coefficient: 0.864.
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Confusion Matrix of Logistic Regression,
Validation Set

250

200

-150

True label

-100

Predicted label

Figure 4.1: Confusion matrix of LoGit classification results on validation subset of 600
images.

ROC Curve for Logistic Regression

True Positive Rate (Positive label: 2)

00 —— LogisticRegression (AUC = 0.98)

0.0 02 04 06 08 10
False Positive Rate (Positive label: 2)

Figure 4.2: Receiver-operating characteristic curve for LoGit classification performance on
validation subset of 600 images.

In order to bridge the numeric results to the clinical practice in the task of image
quality assessment of eye fundus, a visualizatio of images adequately classified when
compared to ground truth labels is presented in Figure 4.3. Figure 4.4 presents examples
of images where LoGit wrongly classified them accroding to the ground truth.
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Quality Label: Good Quality Label: Good Quality Label: Good Quality Label: Good
Label Predicted: 0 Label Predicted: 0 Label Predicted: 0 Label Predicted: 0

. ) - Quality Label: Insuficient
Quality Label: Insuficient Label Predicted- 2

Label Predicted: 2

Figure 4.3: Subset of images accurately classified by LoGit algorithm when compared to
ground truth labels. For labels predicted: 0 = goodguality, 2 = not.noughguality

Quality Label: Insuficient Quality Label: Insuficient
Label Predicted: 2 Label Predicted: 2

Quality Label: Good Quality Label: Good

Quality Label: Good Label Predicted: 2 Quality Label: Good Label Predicted: 2
Label Predicted: 2

Label Predicted: 2

Quality Label: Insuficient Ouat‘gyb:fsfela:gts:gl,céent Quality Label: Insuficient Quality Label: Insuficient

Label Predicted: 0

Label Predicted: 0 Label Predicted: 0

Figure 4.4: Subset of images wrongly classified by LoGit algorithm when compared to
ground truth labels. For labels predicted: 0 = good,uality, 2 = not.noughquality

On these visualizations it is apparent that the topological descriptors are robust
to changes in color, illumination and blurring despite being vectors conformed by 30
elements, all derived from vectorizations of representations of persistence diagrams.



Chapter 5

Discussion and Conclusions

This chapter presents conclusions achieved based on the results reported in Chapter 4,
and future work derived from the this project.

5.1 Discussion

Digital fundoscopy has become a valuable tool in the ophthalmic toolkit of the contem-
porary clinical practice. With the advent of telemedicine and electronic medical records
[104], fundoscopy has moved to the mobile arena where now it is possible to perform it
via smartphones [35, 105]. With these relatively new approaches reaching the clinical
practice, computer aided diagnosis systems have also been proposed to assist the clin-
ical process in situ or remotely [106, 107]. One of the first steps in the digital fundus
image analysis pipeline is the quality assessment of the image obtained as presented
in Section 2.3, this preprocessing step functions as a triage station allowing to filter
out those images not meeting the minimum quality needed to continue for clinical use
[47, 50, 52, 55]. This step is also performed by the clinician, but it is trivial for hu-
mans, given how the brain processes and understands images. For machines this step
is fundamental and not trivial, since it will allow a smoother process down the pipeline
of a CAD system.

As mentioned in Section 2.3, IQA techniques can be classified in three general
groups, each representing the state of development in digital image analysis at the time
of their publications (image characteristics, segmentation and deep learning). To the
knowledge of the authors, this is the first work using Topological Data Analysis (TDA)
to tackle the challenge of IQA in eye fundus images. The advantages of using TDA
is that it represents less computational burden to the system, given that each image
is first interpreted as a cubical complex and a cubical persistence calculation obtained
represented by persistence diagrams, from which topological descriptors are extracted
and vectorized. This allows to run the classification task not on an image matrix but
on a vector much smaller than the input data. Therefore, TDA, for the context of
IQA in eye fundus images, contributes with an inherent dimensionality reduction of

75
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the data. This fact makes the method attractive specially for contexts where limited
computational power is of significance like when clinicians integrate mobile devices or
telemedicine to their practice.

Another beneficial contribution is that the topological descriptors seem to be able to
capture enough data from the image that a relatively simple and computationally not
demanding algorithm suffices to render results with robust classification metrics, this
has also been observed by [108]. Figure 4.3 shows evidence to the idea presented in the
previous sentence, where the images in the examples present variability in their color,
illumination, blurring, and anatomical landmarks. Still the topological descriptors en-
capsule sufficient information for the classifier to perform robustly. For the instances
where the classification is not appropriate, it seems that the localization of the optic
nerve, as well as a significant proportion of irregularity in color distribution in the same
image, as well as blurring could explain the errors, nevertheless more studies are needed
in this direction to better understand this phenomenon.

Lastly, TDA seems to capture information in the form of topological descriptors
that allows for the classification to perform close to the ground truth labels, which
in the context of images from the clinical practice as is the EyePACS project, allows
for the proposition of this method capturing information close to the way a clinician
recollects image characteristics in order to decide if the image is of enough quality to
be integrated in the clinical attention of the patient the data comes from.

5.2 Conclusions

By reviewing the available literature and looking to propose tools that are applicable
to the clinical use, this work shows the implementation of TDA tools in the context of
digital fundoscopy, from background segmentation to image quality assessment, where
We propose a novel method for Image Quality Assessment of eye fundus images based
on the extraction of topological descriptors integrated into a machine learning classifier.
The classification metrics are robust and there is evidence that a topological approach
facilitates the interpretation of the data in a similar way to how a clinician engages in
these tasks during their practice. Further work is needed to investigate in more detail
the clinical interpretations that might be suitable for the topological results obtained
from eye fundus images. This could facilitate the use of TDA in later stages of the
Computer Assisted Diagnosis pipeline in computational ophthalmological approaches.
Also, a background segmentation method based in topological tools is presented, allow-
ing for a potentially more agile preprocessing of the digital image, in preparation for
clinical use down the analytical pipeline.

5.3 Future work

The natural development of this approach is to follow the way a clinician evaluates
en eye fundus image, which is how the digital fundoscopy pipeline functions (Figure
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2.16). Therefore approaches to integrate TDA into the stages of anatomical landmark
location and characterization of patterns with correlation with pathologies are the log-
ical extension of this work, either through complementing state of the art algorithms
or assessing each stage from a completly topological paradigm. Independent of the
particular approach taken, in order for these to function properly, Clinical pertinence
must be included at the method development stages in order to keep the method mul-
tydisciplinary and with a high probability of applicability in a clinical setting.

5.4 Academic production and meetings attended

1. Published article:

e Avilés-Rodriguez, G. J., Nieto-Hipdlito, J. I., Cosfo-Leén, M. D. L. A.,
Romo-Cérdenas, G. S., Sanchez-Lopez, J. D. D., Radilla-Chavez, P., &
Vézquez-Brisefio, M. (2021). Topological Data Analysis for Eye Fundus
Image Quality Assessment. Diagnostics, 11(8), 1322.

2. Academic Meetings attended:

e 5a Escuela de Anélisis Topolégico de Datos y Temas Relacionados, Figure
5.1.
— November 19-23 2018.
— Centro de Investigaciones en Mateméticas (CIMAT'). Guanajuato, México.
— Participant.
e Técnicas y Herramientas de Inteligencia Artificial en Apoyo a la Investigacion
sobre Envejecimiento Saludable, Figure 5.2.
— November 4-8 2019.
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— Presentation of poster.
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