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Abstract of the thesis presented by Luis Eduardo Sánchez González as a partial re-
quirement to obtain the degree of Master in Science. Ensenada, Baja California, México,
november 2025.

Quantum transport in Kekulé-modulated two-dimensional materials

Two-dimensional materials are promising candidates for the next generation of elec-
tronic and optoelectronic devices due to their novel physical properties. Among them,
graphene stands out for its exceptional electronic behavior. Beyond pristine graphene,
space-modulated materials such as Kekulé-distorted graphene, characterized by a p3×p

3 superlattice, exhibit rich valley phenomena. In this work, we study the electronic
structure and optical response of Dirac materials featuring Kekulé modulation.

Inspired by representative two-dimensional Dirac systems, we introduce a hybrid
model, a α-T3 model featuring a Kekulé pattern modulation. Such a hybrid system may
result from the deposition of adatoms in a hexagonal lattice, where the two sublat-
tices are displaced in the perpendicular direction, like in germanene and silicene. We
derive analytical expressions for the energy dispersion and the eigenfunctions using a
tight-binding approximation of nearest-neighbor hopping electrons. The energy spec-
trum consists of a double-cone structure with Dirac points at zero momentum caused by
Brillouin zone folding and a doubly degenerate flat band owing to destructive quantum
interference effects.

Furthermore, we study the spectrum of intraband and interband transitions through
the joint density of states, the optical conductivity, and the Drude spectral weight for
three Kekulé phases: Kek-Y, Kek-O, and Kek-α. We identify unique features such as
intervalley transitions, multistep conductivity profiles, and a characteristic and tunable
absorption window arising from the intervalley response. Additionally, we study the
influence of finite temperature, revealing thermal broadening effects and a resonance
peak associated with intervalley coupling.

Our findings highlight distinctive signatures in the optical conductivity that may
serve as a viable signature for detecting Kekulé periodicity in two-dimensional materials.

Keywords: Dirac materials, Kekulé modulation, optical conductivity.
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Resumen de la tesis presentada por Luis Eduardo Sánchez González como requisito
parcial para obtener el grado deMaestro en Ciencias. Ensenada, Baja California, México,
noviembre de 2025.

Transporte cuántico en materiales bidimensionales con periodicidad Kekulé

Los materiales bidimensionales (2D) son candidatos prometedores para la próx-
ima generación de dispositivos electrónicos y optoelectrónicos debido a sus novedosas
propiedades físicas. Entre ellos, el grafeno destaca por su excepcional comportamiento
electrónico. Más allá del grafeno prístino, los materiales modulados espacialmente,
como el grafeno con distorsión Kekulé, caracterizado por una superred de p3 ×

p
3,

presentan una rica física de valle. En este trabajo, estudiamos las propiedades electróni-
cas y la respuesta óptica de materiales de Dirac con periodicidad Kekulé.

Inspirados en sistemas bidimensionales de Dirac representativos, introducimos un
modelo híbrido: el modelo α-T3 con periodicidad Kekulé. Este sistema híbrido puede
originarse a partir del depósito de atomos en la superficie sobre una red hexagonal, en
la que los dos subredes están desplazadas en dirección perpendicular, como ocurre en
materiales como el germaneno y el siliceno. Derivamos expresiones analíticas para la
estructura de bandas y las funciones de onda empleando un modelo de amarre fuerte a
primeros vecinos. El espectro de energía exhibe una estructura de doble cono con puntos
de Dirac en el centro de la zona de Brillouin, producto del plegamiento de la zona, y una
banda plana doblemente degenerada, resultado de la interferencia cuántica destructiva.

Asimismo, analizamos el espectro de transiciones intra- e interbanda a través de la
densidad conjunta de estados, la conductividad óptica y el peso espectral de Drude para
tres fases Kekulé: Kek-Y, Kek-O y Kek-α. Identificamos características únicas, como tran-
siciones entre valles, perfiles escalonados en la conductividad y una ventana de absorción
característica y ajustable, originada por la respuesta intervalle. Además, estudiamos el
efecto de la temperatura finita, observando un ensanchamiento térmico del espectro y
un pico de resonancia asociado al acoplamiento intervalle.

Nuestros resultados revelan firmas distintivas en la conductividad óptica que podrían
servir como indicadores viables para detectar la periodicidad Kekulé en materiales bidi-
mensionales.

Palabras clave: materiales de Dirac, periodicidad Kekulé, conductividad óptica.

Resumen aprobado por:

Dr. Ramón Carrillo Bastos
Director de tesis
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1
Introduction

Carbon is one of the most extensively studied elements and forms the backbone of or-
ganic chemistry. Its significance arises from its wide range of applications across different
fields, including electronics [1] and medicine [2]. For this reason, theoretical and exper-
imental research on carbon-based materials has become an active area of investigation,
playing a central role in nanoscience and nanotechnology [3]. Moreover, carbon exhibits
a rich variety of allotropes. Among the most well-known are diamond and graphite
(three-dimensional), but during the 20th century, additional forms were discovered,
such as fullerenes (zero-dimensional) [4] and carbon nanotubes (one-dimensional) [5].

The existence of two-dimensional crystals at finite temperature was long considered
impossible, due to thermal fluctuations destroying long-range positional order. This be-
lief was grounded in the Mermin-Wagner theorem [6], which shows that continuous
symmetries cannot be spontaneously broken in one or two dimensions at finite temper-
ature having sufficient short-range interactions. However, in 2004, A.K. Geim and K.S.
Novoselov from the University of Manchester reported a two-dimensional carbon struc-
ture [7], known as graphene, composed of carbon atoms arranged in a hexagonal lattice
resembling a honeycomb. This groundbreaking discovery sparked intense interest in
this novel material due to its remarkable electronic [8–10], optical [11, 12], mechani-
cal [13, 14], thermal [15], and chemical [16, 17] properties. Consequently, graphene
has inspired many scientific studies and led to the emergence of a new class of materials:
two-dimensional materials.

Beyond its technological potential [18], graphene has sparked deep theoretical inter-
est. A key theoretical interest lies in its novel and distinct electronic and transport prop-
erties. In graphene, electrons behave as massless relativistic fermions described by the
Dirac equation [8, 19]. This feature makes graphene a bridge between condensed mat-
ter physics and high-energy physics [20]. As a result, there has been growing interest in
identifying other systems where electrons mimic massless Dirac fermions—collectively
known as Dirac materials [21]. Some notable examples include the α-T3 model [22],
graphene with Kekulé distortion [23–25], and the orthorhombic borophene structure

1
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Figure 1.1: Allotropes of carbon. (a) Fullerenes (C60) aremolecules consisting
of wrapped graphene by the introduction of pentagons on the hexagonal lat-
tice. (b) Carbon nanotubes are rolled-up cylinders of graphene. (c) Graphene
is a honeycomb lattice of carbon atoms. (d) Graphite can be viewed as a stack
of graphene layers.

8-Pmmn [26, 27], among others.
Although graphene exhibits remarkable electronic behavior, its gapless band struc-

ture presents a fundamental limitation for electronic device applications. The absence
of an energy gap between the conduction and valence bands leads to a finite minimal
conductivity, making it difficult to switch off electrical current [28]. For this reason,
engineering a tunable bandgap is a central goal in graphene-based electronics. One
promising approach involves modifying the band structure through external electro-
magnetic fields, which can induce metal-insulator transitions. For example, circularly
polarized light can open a bandgap in graphene’s spectrum [29]. A related challenge in
probing the spectral properties of Dirac systems is that transport experiments typically
require electrical contacts, which may introduce complications. Optical methods offer
a powerful alternative, providing access to electronic properties through non-invasive,
contact-free measurements. In the case of graphene, numerous optical experiments us-
ing electromagnetic radiation have unveiled essential features of its band structure and
dynamics [30].

A primary physical property to investigate in a new material is its response to an
external electromagnetic field. The optical conductivity, for instance, provides valuable
insight into the nature and shape of the energy bands. Other optical properties, such as
polarization rotations (known as the Kerr and Faraday effects), also offer information
about the band structure and have been widely studied in recent years. Furthermore, in
Dirac systems, the valley degree of freedom has been shown to play a significant role in
optical phenomena, leading to the emergence of an entirely new research field known as
valleytronics [31], which aims to study and manipulate the valley index for applications
in electronic and optoelectronic devices [32].

Another promising route to engineer the electronic spectrum of graphene involves
modifying its lattice structure through spatial modulation. In particular, spatial bond
modulation can induce exotic effects in the electronic properties of two-dimensional
materials [33–37]. One of the most interesting examples of spatial modulation is the
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Kekulé distortion in the graphene honeycomb lattice [23–25, 38], where the lattice ac-
quires a bond density wave with superlattice unit cell p3×

p
3 larger than the original

unit cell. As a result, Brillouin zone folding brings the K , K ′ points to the center of
the Brillouin zone (Γ point). Experiments suggest two types of Kekulé modulations in
graphene with distinct low-energy spectrum [25, 39]: the so-called Kek-Y phase with
two Dirac cones with different velocities, and the Kek-O phase with a doubly degenerate
massive Dirac band. Several mechanisms have been proposed to generate phases with
different Kekulé distortions, such as surface atom adsorption [40–44], electron-phonon
interactions [45, 46], electron-electron interactions [47, 48], biaxial strain [49, 50],
and heterostructures [51–53], indicating its ubiquitousness in hexagonal lattices [54].
For instance, the Kek-M phase has been theoretically proposed, where the enlargement
of the primitive cell is achieved by periodically adjusting the onsite potential [55–57],
suggesting the possibility of realizing other Kekulé-like phases without bond modula-
tion. Theoretical studies have shown that a specific type of Kekulé phase leads to an en-
ergy gap, highlighting the importance of identifying the response associated with such
a phase [25]. In this context, electrical and optical signatures offer a promising avenue
for studying and understanding the mechanism behind the Kekulé phase [56, 58–64].

From a topological perspective, Kekulé-distorted graphene was first proposed as a
novel platform hosting fractionally charged topological excitations [34]. Mechanical
strain applied to graphene-based heterostructures with Kekulé patterning also gives rise
to intriguing topological effects [65]. Moreover, Kekulé distortion is one of the suggested
mechanisms behind the superconducting and correlated insulating states behavior in
magic-angle twisted bilayer graphene [66–71], further increasing the interest in the
study of Kekulé-patterned superlattices.

Beyond lattice distortions such as the Kekulé pattern, another exciting avenue in two-
dimensional materials research involves systems with flat bands due to their unique
electronic and transport properties, making them ideal platforms for exploring novel
physical phenomena [36, 72–81]. The observation of correlated insulator states and
signatures of unconventional superconductivity in twisted bilayer graphene [73] has
further fueled the interest in systems hosting flat bands close to the Fermi level [82, 83].

Line graphs [75, 84–86], such as the kagome and pyrochlore lattices, along with
bipartite lattices like the Lieb and dice lattices [75, 87–89], naturally host flat bands
in their energy spectrum thanks to destructive interference between electron wavefunc-
tions. The α-T3 model [22, 90, 91] is a simple example of flat-band system which con-
tinuously evolves between the graphene and dice lattice by modulation of a hopping
parameter. Its crystal structure consists of a honeycomb lattice, with an additional site
at the center of each hexagon that couples to neighboring atomswith only one of the sub-
lattices, hosting a flat band and Dirac cones close to the Fermi level. Numerous studies
are dedicated to unraveling the mechanisms behind the emergence of flat bands in Dirac
systems [80, 92, 93] and how they give rise to a variety of quantum phases [94, 95]. The
optical response of flat bands has also been studied [96–100], but since the group ve-
locity in these bands vanishes, identifying clear optical signatures in the low-frequency
range seems challenging.

In this context, the present thesis aims to study quantum transport in two-dimensional
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materials with Kekulé modulation. As the main contribution, we propose a new model,
a α-T3 model featuring a p3×

p
3 Kekulé pattern modulation (Kek-α) [101]. We focus

on analyzing the impact that different Kekulé phases (Kek-Y, Kek-O, and Kek-α) have
on the electronic and optical properties of the system. The structure of the thesis is as
follows:

• Chapter 2: Two-dimensional Dirac materials. We reviewed the electronic proper-
ties of well-known Dirac materials, including pristine graphene, Kekulé-distorted
graphene, the α-T3 model, and buckled honeycomb lattices.

• Chapter 3: Linear optical conductivity. We introduce the basics of linear response
theory, emphasizing the Kubo formalism and its application to calculating optical
conductivity. As an illustrative example, we present a detailed derivation of the
optical conductivity of graphene.

• Chapter 4: Kekulé-modulated α− T3 model. A hybrid model combining the α-T3

lattice and Kekulé modulation is introduced and studied. Analytical expressions
for the band structure and eigenstates are obtained using a tight-binding approx-
imation.

• Chapter 5: Optical response of Kekulé systems. The optical conductivity of the
Kek-Y, Kek-O, and Kek-α phases is computed and analyzed. We discuss the main
features that characterize the optical signatures of Kekulé periodicity.

• Chapter 6: Conclusions. Finally, we summarize the main results of this thesis and
present a conclusion.



2
Two-dimensional Dirac materials

2.1 Pristine graphene

2.1.1 Lattice geometry
In a graphene lattice, carbon atoms are arranged in a hexagonal pattern forming a crystal
structure reminiscent of a honeycomb, as shown in Fig. 2.1(a). This crystal can be viewed
as two superimposed triangular Bravais lattice with two atoms per unit cell, labeled A
and B [102–105]. The lattice vectors that generate the entire crystal from the unit cell
are given by

a1 =
a
2
(
p

3, 3), a2 =
a
2
(−
p

3, 3), (2.1.1)

where a ≈ 1.42 Å is the nearest-neighbor distance between carbon atoms. The vectors
connecting a site on sublattice A to its three nearest neighbors are

δ1 =
a
2
(
p

3, 1), δ2 =
a
2
(−
p

3, 1), δ3 = a(0,−1). (2.1.2)

Due to the periodicity of the lattice, the corresponding reciprocal lattice vectors {b j}
satisfy the condition ai · b j = 2πδi j. Using Eq. 2.1.1, we find

b1 =
2π
3a
(
p

3, 1), b2 =
2π
3a
(−
p

3, 1). (2.1.3)

Figure 2.1(b) shows the reciprocal lattice, which also forms a hexagonal structure. The
shaded region represents the Brillouin zone (BZ), defined as the Wigner–Seitz cell of
the reciprocal lattice. The six corners of the BZ are particularly important, known as the
Dirac points [103]. By symmetry, these six points can be reduced to two inequivalent
ones, labeled K±, given by

K± =
�

±
4π

3
p

3a
, 0
�

. (2.1.4)

5



6 2.1. Pristine graphene

Figure 2.1: (a) Graphene lattice with primitive vectors a1 and a2. The vectors
δi connect each atom to its three nearest neighbors. The gray parallelogram
represents the unit cell. (b) Reciprocal lattice of graphene with reciprocal
vectors b1 and b2. The first Brillouin zone is shown as the gray hexagon.

Simple rotations can generate the remaining corners from K±. These points play a central
role in the physics of graphene [8, 103].

2.1.2 Tight-binding model
In its ground state, an isolated carbon atom has the electronic configuration 1s2 2s2 2p2,
with six electrons bound to the nucleus, four of which are valence electrons. Carbon can
increase the effective number of orbitals available for bonding through a process known
as hybridization. In graphene, the 2s, 2px , and 2py orbitals hybridize to form three sp2

orbitals, which generate strong covalent σ bonds between neighboring carbon atoms
[3, 102]. These σ bonds give rise to σ bands that lie far below the Fermi energy, as
shown in Fig. 2.2(b), and are therefore usually neglected when analyzing the electronic
properties of graphene [102, 103].

The fourth valence electron occupies the pz orbital, which is oriented perpendicular
to the plane defined by the σ bonds (see Fig. 2.2(a)). The overlap between adjacent
pz orbitals leads to two π bands, which govern the low-energy electronic excitations in
graphene. In the following, we describe the electronic structure of these π bands using
a nearest-neighbor tight-binding model.

The tight-binding Hamiltonian for graphene, considering only nearest-neighbor hop-
ping, is given by

H =
∑

i

ϵAa†
i ai +

∑

j

ϵB b†
j b j − t

∑

〈i j〉

(a†
i b j + b†

j ai), (2.1.5)

where ϵA and ϵB are the on-site energies of the A and B sublattices, and t ≈ 2.7eV is the
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Figure 2.2: (a) Graphene lattice and its electronic orbitals. The σ orbitals
form strong covalent bonds with neighboring carbon atoms, while the π or-
bitals are responsible for charge carrier conduction. (b) Schematic showing
that the π bands lie near the Fermi level EF , whereas the σ and σ∗ bands are
separated by a large energy gap. Adapted from [3].

hopping parameter between neighboring pz orbitals [103]. Since atoms on sublattices
A and B are identical, we may set ϵA = ϵB = 0 without loss of generality, corresponding
to a global shift in the energy spectrum.

In terms of the lattice geometry, the tight-binding Hamiltonian for graphene (or any
honeycomb lattice) can be written as

H = −t
∑

r

3
∑

n=1

a†
r br+δn

+H.c., (2.1.6)

where r runs over the positions of the A sublattice, δn are the vectors connecting each A
site to its three nearest B-site neighbors, and t is the nearest-neighbor hopping param-
eter.

To analyze the system in momentum space, we express the creation and annihilation
operators in their Fourier representations:

ar =
1
p

N

∑

k∈BZ
eik·rak, a†

r =
1
p

N

∑

r

e−ik·ra†
r , (2.1.7)

where N is the number of unit cells, and k = (kx , ky) denotes the crystal momentum
within the Brillouin zone. In momentum space, the Hamiltonian takes the form

H =
∑

k

Ψ†
kH(k)Ψk (2.1.8)
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Figure 2.3: (a) Band structure of the π-bands of graphene from the nearest-
neighbor tight-binding model. The inset shows the linear dispersion around
a Dirac point. (b) Dispersion relation along a high-symmetry path in the Bril-
louin zone, with t = 2.7;eV.

where

Ψk =
�

ak

bk

�

, H(k) =
�

0 f (k)
f ∗(k) 0

�

, f (k) = −t
3
∑

n=1

eik·δn . (2.1.9)

Here H(k) is the Bloch Hamiltonian and f (k) is the structure factor which encodes the
lattice geometry through the nearest-neighbor vectors δn.

A compact and insightful way to express the Bloch Hamiltonian is in terms of the
Pauli matrices:

H(k) = λ(k) ·σ, (2.1.10)
where λ(k) = (Re{ f (k)}, Im{ f (k)}) and σ = (σx ,σy) are the Pauli matrices acting on
the sublattice (pseudospin) space.

The corresponding Schrödinger equation is H(k) |ψ(k)〉 = E(k) |ψ(k)〉, and upon di-
agonalization, the energy dispersion relation becomes

Eη(k) = η| f (k)|, (2.1.11)

where η= ± labels the conduction and valence bands. Substituting the explicit form of
f (k), the dispersion relation simplifies to the well-known form:

Eη(k) = ηt

√

√

√

3+ 2 cos
�p

3kx a
�

+ 4cos

�p
3

2
kx a

�

cos
�

3
2

ky a
�

. (2.1.12)

As shown in Fig. 2.3, the π and π∗ bands touch at the corners of the Brillouin zone, i.e.,
Eη(K±) = 0, which corresponds to the Fermi level. The band crossing at the Dirac points,
characterized by a linear dispersion, identifies graphene as a Dirac semimetal.
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Finally, the eigenstates of the system can be parametrized in terms of the vector λ(k)
as

�

�ψη(k)
�

=
1
p

2

�

1
ηeiϕ(k)

�

, (2.1.13)

where η = ± is the band index and ϕ(k) = tan−1[Im{ f (k)}/Re{ f (k)}] is the azimuthal
angle of λ(k).

2.1.3 Dirac massless fermions
Many of the physical properties of graphene and related materials are studied in the
low-energy regime. In graphene, the low-energy approximation consists of expanding
the Hamiltonian around the points Kξ. Here, the parameter ξ = ± is introduced to
denote the so-called valley index, which distinguishes expressions corresponding to the
K+ and K− points, respectively. In Fig. 2.3, it can be seen that the energy bands touch
at two points, which correspond to the corners of the Brillouin zone (BZ). Regions far
from these points correspond to high-energy states.

At low energies, the Bloch Hamiltonian can be expanded to first order around the Kξ
points as

H(k)≈H(Kξ) + (k−Kξ) · ∇kH(k)
�

�

k=Kξ
+O(k2). (2.1.14)

Note that performing a Taylor expansion of a Hamiltonian—or more generally, of a ma-
trix—is equivalent to expanding each of its elements individually. This leads to the
expression

fξ(q) = ħh
3t
2a
(ξqx − iqy), (2.1.15)

where q= k−Kξ. Thus, we recover the low-energy Hamiltonian

Hξ(q) = ħhvF

�

0 ξqx − iqy

ξqx + iqy 0

�

, (2.1.16)

where the Fermi velocity [103] is given by vF =
3ta
2ħh ≈ 106 m/s, which is constant and

independent of energy or momentum. This contrasts with the free-electron case, where
the velocity depends on the momentum and the effective mass.

Just like the full Bloch HamiltonianH(k), the low-energy Hamiltonian can be written
in terms of Pauli matrices:

Hξ(q) = vF p ·σξ, (2.1.17)
where p= ħhq is the momentum measured relative to the Kξ points, and σξ = (ξσx ,σy).
The eigenvalue equation Hξ(q)

�

�Ψξ(q)
�

= ϵξ(q)
�

�Ψξ(q)
�

yields the low-energy dispersion
relation

ϵη(q) = ηħhvF |q|, (2.1.18)
and the corresponding eigenstates are

�

�

�Ψξη(q)
¶

=
1
p

2

�

1
ηeiξθq

�

, (2.1.19)
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where θq = tan−1(qy/qx) is the azimuthal angle in momentum space.
It is important to note that the dispersion relation in Eq. 2.1.18 closely resembles that

of ultra-relativistic particles described by the massless Dirac equation [19]. This implies
that, near the six corners of the first Brillouin zone, electrons in graphene behave as
massless Dirac fermions [8]. This resemblance is the reason why the points K+ and K−
are referred to as Dirac points.

Although it is common to treat each valley Kξ independently, one can also consider
the valley as an internal degree of freedom and combine both valleys into a unified
expression. The resulting full low-energy Hamiltonian reads

H(q) =
�

vFp ·σ+ 0
0 vFp ·σ−

�

. (2.1.20)

This Hamiltonian describes low-energy electrons in graphene and strongly resembles the
Dirac Hamiltonian, with the Fermi velocity replacing the speed of light. In analogy with
relativistic quantum mechanics, the Pauli matrices here act not on real spin, but on the
sublattice (A/B) and valley degrees of freedom—this is referred to as pseudospin [106,
107]. Another useful analogy lies in the band index η = ±, which plays the role of
particle type: a carrier in the conduction band (+) behaves as a particle, while one in
the valence band (−) behaves as an antiparticle, commonly referred to as a hole.

2.2 Kekulé-distorted graphene

A density wave (DW) is a phase of matter characterized by a spatial modulation of
a physical quantity, such as charge, spin, or bond strength, often accompanied by a
periodic lattice distortion [108]. In graphene, such a distortion can emerge in the form of
a bond-order wave where strong andweak bonds alternate periodically across the lattice.
This phenomenon, known as the Kekulé distortion, has been experimentally realized
through several techniques [23, 24, 38].

The Kekulé distortion is that the lattice acquires a bond density wave with super-
lattice unit cell p3 ×

p
3 larger than the original unit cell. As a result, Brillouin zone

folding brings the K and K ′ points to the center of the Brillouin zone (Γ point). Experi-
ments suggest two types of Kekulé modulations in graphene: the so-called Kek-Y pattern
characterized by a bond configuration resembling ’Y’-shaped motifs in the hexagonal lat-
tice, and the Kek-O pattern features a more symmetric ’O’-like distribution of alternating
bonds, reminiscent of the bond pattern in benzene, as shown in Fig. 2.4. These distinct
textures result in qualitatively different low-energy electronic behaviors.

The first experimental observation of Kekulé distortion in graphene was reported
by Gutiérrez et al., who grew a monolayer of graphene epitaxially on a Cu(111) sub-
strate [23]. In this system, the topmost copper layer exhibits a periodic arrangement of
vacancies, which interact with the graphene layer and induce a spontaneous Kek-Y bond
modulation [see Fig. 2.4 (a)]. This mechanism is often called the “ghost adatom” effect,
as the missing copper atoms mimic the role of virtual adatoms that locally modulate the
graphene lattice. On the other hand, the Kek-O phase has been observed under differ-
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Figure 2.4: (a) Schematic representation of the experimental setup used to
induce the Kek-Y distortion in graphene: a monolayer graphene is grown epi-
taxially on a Cu(111) substrate. Adapted from [23]. (b) Setup leading to the
Kek-O distortion: Li-intercalated bilayer graphene supported on SiC, where
adatoms stabilize the Kek-O pattern. Adapted from [24]. In both, the inset
shows the resulting enlarged unit cell of the superlattice.

ent conditions, such as in Li-intercalated bilayer graphene supported on SiC [24] [see
Fig. 2.4 (b)] and in mono- and bilayer graphene upon potassium doping [109]. In this
case, the Kekulé modulation arises from the presence of adatoms or local strain fields
that modify the hopping amplitudes between carbon atoms. This highlights an impor-
tant distinction: Kek-Y distortions are typically induced by substrate vacancies (ghost
adatoms). In contrast, Kek-O patterns are often stabilized by real adatoms that directly
modify the carbon–carbon bonding. More recently, it has been observed that placing a
graphene monolayer on a SiO2 substrate can lead to the emergence of both Kek-Y and
Kek-O phases, due to local deformations induced in the graphene lattice [39].

From a theoretical standpoint, Kekulé distortions are understood as short-wavelength
modulations characterized by wavevectors that connect the inequivalent Dirac points K
and K ′ points, thus inducing intervalley coupling [25, 45, 110]. The bond modulation
mimics the Peierls instability in one dimension and can be viewed as a two-dimensional
analog of the Su–Schrieffer–Heeger model [111]. A wide range of mechanisms have
been proposed to generate Kekulé-ordered phases in graphene and related systems [40–
54, 112], indicating its ubiquitousness in hexagonal lattices [54], suggesting the possi-
bility of realizing other Kekulé-like phases without bond modulation.

2.2.1 Real-space formulation
Kekulé textures (Kek-O and Kek-Y) have been theoretically proposed and analyzedwithin
a tight-binding framework [25]. Let us consider the graphene lattice as defined in the
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Figure 2.5: Kekulé-distorted graphene in real and reciprocal space. Real-
space representation of graphene with (a) Kek-Y distortion (ν = 1) and (b)
Kek-O distortion (ν = 0), where the periodic modulation of strong and weak
bonds is illustrated using red and black lines. The gray parallelogram indicates
the enlarged unit cell of the Kekulé superlattice. (c) Brillouin zone folding
in reciprocal space: the original Brillouin zone of pristine graphene (dashed
black hexagon) is folded due to the Kekulé modulation. The Dirac points at
K+ and K− (red dots) are connected by the Kekulé wavevector G = K+ − K−,
and folded onto the center (Γ ) of the mini Brillouin zone (blue dot).

previous section, using the same lattice vectors and nearest-neighbor displacements δn.
In this setting, the bond modulation can be introduced as a bond-density wave that
periodically modulates the nearest-neighbor hopping amplitudes according to the ex-
pression:

tr,n/t = 1+ 2Re
�

∆̃ei(pK++qK−)·δn+iG·r−i2π(p+q)/3
	

, (2.2.1)
where tr,n denotes the hopping amplitude between a site at position r and its near-
est neighbor in the direction δn, and t is the uniform hopping of pristine graphene. The
vector G= K+−K− corresponds to the Kekulé wavevector, which couples the two inequiv-
alent valleys in momentum space. The complex amplitude ∆̃ = ei2π(p+q+m)/3∆0 encodes
the Kekulé modulation, where ∆0 is the real-valued modulation strength and p, q ∈ Z3,
m ∈ Z. This parameter is often referred to as the Kekulé parameter and determines the
type and orientation of the modulation.

To classify the possible textures, it is convenient to introduce the index
ν= 1+ q− p mod 3, (2.2.2)

which distinguishes between the two main Kekulé patterns: Kek-Y (ν = ±1) and Kek-O
(ν = 0), as shown in Fig 2.5. Within this framework, the tight-binding Hamiltonian of
graphene with a Kekulé distortion takes the following real-space form:

H = −
∑

r

3
∑

n=1

tr,na†
r br+δn

+H.c., (2.2.3)

where a†
r and br+δn

are the creation and annihilation operators for electrons on sub-
lattices A and B, respectively. In the absence of any modulation, i.e., when tr,n = t,
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this Hamiltonian reduces to the standard tight-binding model for pristine graphene, as
introduced in Eq. (2.1.6).

2.2.2 Transformation to momentum space
The Kek-O and Kek-Y superlattices share a hexagonal mini Brillouin zone, whose recip-
rocal lattice vectors are reduced by a factor of 1/

p
3 and rotated by 30° for the original

Brillouin zone of pristine graphene [see Fig. 2.6 (c)]. Due to this superlattice periodicity,
the Dirac points K± of unmodulated graphene are folded onto the center of the mini Bril-
louin zone (Γ point) and coupled by the bond-density wave characterized by the Kekulé
wavevector G= K+ −K−, as shown in Fig 2.6 (c).

We perform a Fourier transform of the tight-binding Hamiltonian. The momentum-
space Hamiltonian becomes:

H =−
∑

k

a†
k f (k)bk − a†

k+G∆ f (k+ pK+ + qK−)bk

− a†
k−G∆

∗ f (k− pK+ − qK−)bk +H.c., (2.2.4)

where f (k) =
∑

n eik·δn is the structure factor corresponding to nearest-neighbor hop-
ping. The crystal momentum k still varies over the original Brillouin zone. To re-
strict the description to the reduced Brillouin zone of the superlattice, we introduce
a basis that includes the momenta k,k ± G. We define a six-component spinor Ψk =
(ak, ak−G, ak+G, bk, bk−G, bk+G)

T , and write the Hamiltonian in 6× 6 matrix form as:

H = −Ψ†
k

�

0 Fν(k)
F †
ν
(k) 0

�

Ψk (2.2.5)

Here, the off-diagonal block Fν(k) encodes the coupling between the A and B sublattices
at different momenta and is given by:

Fν =





f0 ∆̃ fν+1 ∆̃∗ f−ν−1

∆̃∗ f1−ν f−1 ∆̃ fν
∆̃ fν.1 ∆̃∗ f−ν f1



 , (2.2.6)

where ∆̃ = ei 2π
3 (p+q)∆ is the complex Kekulé parameter, and the functions fn(k) are de-

fined as shifted structure factors fn(k) = f (k + nG). The full derivation, including the
detailed basis transformation and intermediate steps, is provided in Appendix A.

2.2.3 Low energy Hamiltonian
An effective Hamiltonian for low energies can be obtained considering ∆0 ≪ 1 and
by noticing that the rows and columns of the matrix F associated with modes ak, and
bk, lead to high energy bands, thus negligible in the low energy limit. Consequently,
in this limit the spectrum is primarily determined by four modes, denoted as uk =
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Figure 2.6: (a) Brillouin zone of pristine graphene in reciprocal space, shown
as a gray hexagon. The two inequivalent valleys are situated in the corners
of the hexagon. (b) Brillouin zone folding induced by the Kekulé modulation,
which brings the valleys onto the Γ point of the mini Brillouin zone. (c) En-
ergy dispersion relation of Kek-Y model, showing two concentric Dirac cones
with different Fermi velocities. (d) Energy dispersion relation of Kek-O model,
featuring a gapped Dirac spectrum.

(ak−G, ak+G, bk−G, bk+G). Projecting onto this subspace results in the reduction of the six-
band Hamiltonian to an effective four-band Hamiltonian

H = −u†
k

�

0 hν(k)
h†
ν
(k) 0

�

uk, hν =
�

f−1 ∆̃ fν
∆̃∗ f−ν f1

�

. (2.2.7)

We identify the K valley with +G and the K ′ valley with −G. The k-dependence of fν
may be linearized near k= 0, leading to

f0(kx , ky) = −3t, f±1(kx , ky) = ħhvF(∓kx + iky), (2.2.8)

where vF = 3at/2}h is the Fermi velocity. The corresponding 4-component Dirac equation
has the form

H
�

ΨK ′

ΨK

�

= ϵ
�

ΨK ′

ΨK

�

, H(k) =
�

vFp ·σ ∆̃Qν
∆̃∗Q†

ν
vFp ·σ

�

, (2.2.9)

with the spinors defined as:

ΨK ′ =
�

−ψB,K ′

ψA,K ′

�

, ΨK

�

ψA,K

ψB,K

�

. (2.2.10)
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Here, the Dirac operator p · σ acts on the sublattice degrees of freedom, and σ0 is
the identity matrix. Additionally, we adopt the valley-isotropic representation for Dirac
spinors. The matrix Qν depends on the Kekulé texture and takes the form:

Qν =
�

f ∗−v 0
0 − fv

�

=
§

3tσz, ν= 0
vF(νpx − py i)σ0, |ν|= 1 . (2.2.11)

The low-energy band structure is obtained by solving the eigenvalue problemH(k)Ψ(k) =
ϵ(k)Ψ(k). For the Kek-Y distortion (|ν| = 1), the energy spectrum consists of two con-
centric Dirac cones with different Fermi velocities

ϵY
η,ξ(k) = η}hvF(1+ ξ∆0)k, (2.2.12)

where η = ± labels the conduction and valence bands, and ξ = ± distinguishes the
internal and external Dirac cones. The corresponding eigenstates are:

ψY
η,ξ(k) =







ηe−iθ

ξη
ξ

eiθ






, (2.2.13)

where where k = |k| and θ = tan−1(kx/ky). In contrast, for the Kek-O distortion (ν= 0),
the two Dirac cones are degenerate but an energy gap opens:

ϵO
η
(k) = η

Æ

(}hvF k)2 + (3∆0 t)2 (2.2.14)

with eigenstates of the form:

ψO
η,0(k) =

1
p

2

1
dO(k)







ηdO(k)
}hvF keiθ

3∆0 t
0






, ψO

η,1(k) =
1
p

2

1
dO(k)







−}hvF ke−iθ

−ξdO(k)
0

3∆0 t






, (2.2.15)

where the normalization factor is defined as 2dO(k) = ϵO
+(k)− ϵ

O
−(k).

Thus, in the Kek-Y phase, the low-energy excitations consist of massless Dirac fermions
with two distinct Fermi velocities, while in the Kek-O phase, the spectrum features a
gapped massive Dirac spectrum [see Fig. 2.6 (c) and (d)]. Specifically, the two concen-
tric Dirac cones emerging in Kek-Y distorted graphene are characterized by different
velocities: the internal (fast) cone (F±) has a velocity vF(1 + ∆0), while the external
(slow) cone (S±) propagates with velocity vF(1 −∆0). This splitting leads to rich low-
energy dynamics, which strongly contrast with the degenerate and gapped nature of the
Kek-O phase.

2.3 α-T3 model

Beyond lattice distortions such as the Kekulé pattern, another exciting direction in the
study of two-dimensional materials involves systems hosting flat bands, which exhibit
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Figure 2.7: (a) Examples of flat-band lattices: the dice lattice, Lieb lattice,
Kagome lattice (shown in red as the line graph of the honeycomb lattice), and
Tasaki’s decorated square lattice. Adapted from [75]. (b) Schematic of the
α–T3 lattice. It consists of three inequivalent sites (A, B, and C), with A–B and
B–C hoppings weighted by Cα and Sα, respectively.

highly nontrivial electronic and transport properties. These systems provide an ideal
platform to explore strongly correlated and topological phases of matter [36, 72–81]. In
particular, the discovery of correlated insulator states and signatures of unconventional
superconductivity in twisted bilayer graphene [73] has intensified the search for flat-
band systems near the Fermi level [82, 83].

Flat bands can emerge in tight-binding models due to destructive quantum interfer-
ence between different hopping paths. This mechanism naturally appears in line-graph
lattices such as kagome and pyrochlore [75, 84–86], as well as in certain bipartite lat-
tices including the Lieb and dice lattices [75, 87–89]. In these cases, specific sublattice
connectivity leads to the formation of compact localized states, resulting in an energy
band that is perfectly flat over the entire Brillouin zone.

A simple and pedagogical example of a flat-band system is the α-T3 model [22, 90,
91], which interpolates between graphene and the dice lattice by tuning a single hop-
ping parameter. The model consists of a honeycomb lattice (rim atom) with an addi-
tional atom located at the center of each hexagon (a hub atom), connected only to one
sublattice. For α = 0, the model reduces to pristine graphene, whereas for α = 1, it
becomes the dice lattice, where the flat band coexists with a pair of Dirac cones. This
tunability makes the α-T3 model an excellent platform for exploring the interplay be-
tween flat-band physics and Dirac-like dispersion.

2.3.1 Low energy Hamiltonian
The unit cell of the α-T3 lattice contains three inequivalent sites: A, B, and C. The A and
B atoms form the conventional honeycomb lattice as in graphene, while the C atoms
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(located at the centers of the hexagons) are connected only to B sites. The lattice can be
viewed as three interpenetrating triangular Bravais sublattices, as shown in Fig. 2.7(b).
In this configuration, the A and C sites are commonly referred to as rim atoms, since
they occupy the outer vertices of each unit cell and are only connected to the central
site. The B atoms, in contrast, are known as hub atoms, as they lie at the center of each
hexagon and mediate the coupling between rim sites.

The tight-binding Hamiltonian can be expressed as:

H = −t
∑

r

3
∑

n=1

�

Cαb†
r ar+δn

+Sαb†
r cr−δn

�

+H.c., (2.3.1)

where Cα = 1/
p

1+α2 and Sα = α/
p

1+α2 weight the hopping amplitudes between
A–B and B–C sites, respectively. The dimensionless parameter 0 ≤ α ≤ 1 continuously
interpolates between graphene (α= 0) and the dice lattice (α= 1), ensuring normalized
total hopping amplitude. An alternative parametrization uses a phase angle φ, with
α= tanφ, which is convenient for Berry-phase considerations.

After performing a Fourier transform, as in previous sections, the Bloch Hamiltonian
takes the form:

H(k) =





0 Cα f (k) 0
Cα f ∗(k) 0 Sα f (k)

0 Sα f ∗(k) 0



 , (2.3.2)

where f (k) is the structure factor, defined as in the previous section. Close to the Dirac
points Kξ, the structure factor can be expanded as:

fξ(k) = ħhvF(ξkx − iky), (2.3.3)

where ξ= ±1 is the valley index and vF is the Fermi velocity. This leads to the low-energy
Dirac Hamiltonian:

Hξ(k) = ħhvFk · Sξ, (2.3.4)
where Sξ = (ξSx , Sy) are pseudo-spin-1 operators defined by:

Sx =





0 Cα 0
Cα 0 Sα
0 Sα 0



 , Sy =





0 −iCα 0
iCα 0 −iSα
0 iSα 0



 . (2.3.5)

Solving the eigenvalue problem, we find the energy dispersion that contains three
bands:

ϵη(k) = ηħhvF |k|, (2.3.6)
where η is the index band, η= 1 for the conduction band, η= −1 for the valence band,
and η= 0 for the flat band. The eigenfunctions for each band are given by

ψη,ξ(k) =
1
p

2





ξCαe−iξθ

η

ξSαeiξθ



 , ψ0,ξ(k) =





ξCαe−iξθ

0
−ξSαeiξθ



 , (2.3.7)
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Figure 2.8: (a) Schematic illustration of destructive quantum interference in
the dice (α-T3) lattice. Wavefunction amplitudes on the A and C sublattices are
configured such that their contributions to the central hub (B) site cancel ex-
actly, i.e., ψB∝ψA+ψC = 0. This interference condition prevents occupation
of the B sites and results in the formation of localized eigenstates associated
with the flat band. (b) Energy dispersion of the α-T3 model in momentum
space, showing the coexistence of Dirac cones and an exactly flat band at zero
energy.

with θ = arctan
�

ky/kx

�

.
Importantly, the model exhibits Dirac cones at the Fermi level, accompanied by an

exactly flat band at zero energy, as shown in Fig. 2.8 (b). This flat band originates from
destructive quantum interference between different hopping paths, stemming from the
topology and symmetry of the lattice [88].

To understand the microscopic origin of this interference, consider the dice lattice
(or α-T3 model with α= 1), the flat band emerges due to interference between hopping
amplitudes from the peripheral A and C sublattices to the hub sites B [see Fig. 2.8 (a)].
In the eigenstates associated with the flat band, the wavefunction amplitudes on A and
C are arranged such that their contributions to the B sites cancel exactly. More precisely,
because each B site couples symmetrically to both A and C neighbors, the condition for
zero amplitude at the hub requires:

ψB∝ψA+ψC = 0. (2.3.8)
This cancellation condition prevents the particle from occupying or propagating through
the B sites, effectively localizing the eigenstates around them. The result is a macroscopi-
cally degenerate, non-dispersive bandwhose energy is independent of momentum—that
is, a flat band.

Since the kinetic energy is quenched in flat bands, electron–electron interactions
become dominant. As a result, flat-band systems are natural platforms for interaction-
driven phenomena such as flat-band ferromagnetism, Wigner crystallization [113], and
unconventional superconductivity [73]. This makes the α-T3 model a paradigmatic set-
ting for exploring strongly correlated physics in two-dimensional systems.
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Linear optical conductivity

3.1 Linear response theory

In order to understand the optical conductivity of materials, it is essential to first estab-
lish the theoretical foundation provided by linear response theory. This framework de-
scribes how a physical system initially in equilibrium responds to external perturbations,
such as electric or magnetic fields, within the regime where the response is proportional
to the perturbation.

Linear response theory is widely applicable, encompassing phenomena such as elec-
tric polarization P, magnetization M, and electric current J, each induced by their re-
spective external fields. These responses can be generally written as space- and time-
convolutions involving appropriate response functions:

Pi(r, t) =

∫

dr′
∫

d t ′ χi j(r, r′, t − t ′)E j(r
′, t ′) (3.1.1)

Mi(r, t) =

∫

dr′
∫

d t ′ χM
i j (r, r′, t − t ′)H j(r

′, t ′) (3.1.2)

Ji(r, t) =

∫

dr′
∫

d t ′ σi j(r, r′, t − t ′)E j(r
′, t ′) (3.1.3)

Here, χi j is the electric susceptibility tensor, χM
i j is the magnetic susceptibility tensor, and

σi j is the optical conductivity tensor. The integrals over r′ extend over the volume of the
system, reflecting the non-local nature of the response in both space and time. This
non-locality implies that a perturbation at point r′ and time t ′ can affect the system’s
response at another point r and a later time t > t ′. Importantly, no response occurs
before the perturbation is applied, which is a manifestation of causality. As such, the
response functions are said to be retarded.

19
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When the equations above are transformed into the frequency and momentum do-
main, the space-time convolutions reduce to simple products:

Pi(q,ω) = χi j(q,ω)E j(q,ω) (3.1.4)

Mi(q,ω) = χM
i j (q,ω)H j(q,ω) (3.1.5)

Ji(q,ω) = σi j(q,ω)E j(q,ω) (3.1.6)
This frequency-domain formulation reveals fundamental analytic properties of the re-
sponse functions. One such consequence is encoded in the Kramers–Kronig relations,
which connect the real and imaginary parts of a causal response function via a Hilbert
transform. These relations ensure that any physically meaningful response function
must satisfy causality, meaning that the system cannot respond before the perturbation
is applied.

3.1.1 Kubo formalism
In quantum mechanics, linear response theory allows the calculation of changes in ob-
servable physical quantities in terms of equilibrium correlations, thereby establishing a
connection between the microscopic properties of the system and its macroscopic re-
sponse. When an equilibrium quantum system is perturbed, its response manifests as
a modification of its energy levels and associated physical properties. This behavior is
characterized through the response function, which relates the external perturbation
to the system’s response. Assuming the perturbation is weak, the response is propor-
tional to the perturbation, which simplifies the analysis and allows one to derive explicit
relations between the system observables and the parameters of the perturbation [114].

Let us consider a quantum system initially in thermal equilibrium at temperature T ,
described by a time-independent Hamiltonian H0, with eigenvalues {En} and eigenstates
{|n〉}. The system is described by the thermal density matrix:

ρ0 =
1
Z0

e−H0/kB T =
1
Z0

∑

n

e−En/kB T |n〉 〈n| , (3.1.7)

where Z0 =
∑

n e−En/kB T is the partition function and kB is the Boltzmann constant. The
equilibrium expectation value of an observable A is then given by:

〈A〉= Trρ0A=
1
Z0

∑

n

e−En/kB T 〈n|A |n〉 . (3.1.8)

At time t = t0, the system is perturbed by a time-dependent term V (t), so that the
full Hamiltonian becomes:

H(t) = H0 + V (t)Θ(t − t0), (3.1.9)

where Θ(t − t0) is the Heaviside step function, acting as a switch to activate the pertur-
bation at t = t0.
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The goal is to compute the expectation value of the observable A at a time t > t0,
taking into account the system’s time evolution due to external perturbation. In the
interaction picture, the states evolve as:

|n̂(t)〉= eiH0 t/ħh |n(t)〉 , (3.1.10)

where |n(t)〉 satisfies the time-dependent Schrödinger equation:

iħh
∂

∂ t
|n(t)〉= H(t) |n(t)〉 . (3.1.11)

In the interaction representation, the dynamics is governed by the perturbation V̂ (t):

iħh
∂

∂ t
|n̂(t)〉= V̂ (t) |n̂(t)〉 , (3.1.12)

where V̂ (t) = eiH0 t/ħhV (t)e−iH0 t/ħh is the perturbation in the interaction picture. Similarly,
the evolution of the system can be described using the time-evolution operator as |n̂(t)〉=
Û(t) |n〉, which, under the assumption of weak perturbations, can be approximated to
first order as:

Û(t)≈ 1−
i
ħh

∫ t

t0

V̂ (t ′)d t ′. (3.1.13)

Thus, the time evolution of the expectation value 〈A(t)〉 for t > t0 is:

〈A(t)〉=
1
Z0

∑

n

e−En/kB T 〈n| Û†(t)Â(t)Û(t) |n〉 . (3.1.14)

Keeping only terms up to first order in V̂ (t), we obtain:

〈n| Û†(t)Â(t)Û(t) |n〉 ≈ 〈n| Â(t) |n〉 −
i
ħh

∫ t

t0

〈n| [Â(t), V̂ (t ′)] |n〉 d t ′, (3.1.15)

where Â(t) = eiH0 t/ħhA(t)e−iH0 t/ħh is the observable in the interaction picture. Therefore,
Eq. (3.1.14) becomes:

〈A(t)〉=



Â(t)
�

0
−

i
ħh

∫ t

t0




[Â(t), V̂ (t ′)]
�

0
d t ′, (3.1.16)

where 〈·〉0 denotes the expectation value with respect to the equilibrium Hamiltonian
H0.

As described above is the Kubo formalism [115], which establishes a fundamental
connection between the system’s response and its equilibrium correlations. The Kubo
formula [Eq. (3.1.16)] shows that the response of an observable A to an external pertur-
bation V (t) is governed by the temporal correlations of the system in equilibrium. These
correlations describe how internal fluctuations propagate and couple to the external per-
turbation, providing a detailed description of the system’s dynamical properties.
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Figure 3.1: Schematic representation of the optical excitation process in a
two-dimensional material. An incident electromagnetic wave of frequency ω
interacts with the sample, inducing an optical current J(ω) associated with
electronic transitions of energy }hω. This current re-emits radiation with mod-
ified amplitude and phase, giving rise to the reflected signal that encodes the
material’s optical response. Below, the electromagnetic spectrum is shown
with the corresponding frequency and energy ranges.

3.2 Response function of optical conductivity

In general, two-dimensional (2D)materials exhibit strong light-matter interaction [116],
which can be characterized by their optical conductivity (see Fig 3.1). Optical conduc-
tivity characterizes the response of a system of charged particles to an external electro-
magnetic wave oscillating at a finite frequency. Experimentally, several techniques have
been employed to probe this quantity, including infrared (IR) spectroscopy [11, 12,
117], scattering-type scanning near-field optical microscopy (s-SNOM) [118], electron
energy-loss spectroscopy (EELS) [119], and more recent developments such as four-
dimensional scanning transmission electron microscopy (4D-STEM) spectroscopy [120]
and near-field scanning techniques [121].

On the theoretical approach, linear response theory provides a robust framework
to compute the optical conductivity. In the following, we present the derivation of the
corresponding response function using the Kubo formalism.

We consider a homogeneous electron system subjected to a plane electromagnetic
wave described by a magnetic vector potential and an electric field:

A(r, t) = A0ei(q·r−ωt), E(r, t) = E0ei(q·r−ωt), (3.2.1)
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respectively, whereω is the frequency and q is the wavevector of the incoming radiation,
with |A0| and |E0| denoting the amplitudes of the vector potential and electric field,
respectively. In linear response theory, the external electromagnetic wave induces an
electric current in the system proportional to the applied field:

〈J e
i (ω)〉=

∑

j={x ,y}

σi j(ω)E j(ω), (3.2.2)

whereσi j(ω) is the optical conductivity tensor, which characterizes the current response
along the êi direction to an electric field along ê j. Here, i and j denote Cartesian coordi-
nates. The operator J e

i (ω) represents the quantum current density, and its expectation
value 〈J e

i (ω)〉 is the quantity measured in experiments [122]. The Hamiltonian for a
non-relativistic charged particle in the presence of an electromagnetic field is given by:

H(t) =
1

2m
|p− eA(r, t)|2 , (3.2.3)

where p = −iħh∇ is the momentum operator, m is the particle mass, and e its electric
charge. Neglecting second-order terms in the vector potential (justified in the weak field
regime), the Hamiltonian can be separated into the unperturbed (equilibrium) part and
the external perturbation:

H(t) =
p · p
2m
−

e
m

p ·A(r, t), (3.2.4)

where the perturbation is defined as:

V (t) = −
e
m

p ·A(r, t). (3.2.5)

The total current density operator derived from this Hamiltonian consists of two contri-
butions:

Je(r, t) = JP(r, t) + JD(r, t), (3.2.6)
where JP is the paramagnetic current and JD is the diamagnetic current:

Paramagnetic: JP(r, t) =
ħhe
m
Im{ψ∗(r, t)∇ψ(r, t)}, (3.2.7)

Diamagnetic: JD(r, t) = −
e2

m
A(r, t)ρ. (3.2.8)

Here, ψ(r, t) is the particle’s wavefunction and ρ = |ψ(r, t)|2 is the probability density.
The paramagnetic current corresponds to the conventional quantum mechanical proba-
bility current, while the diamagnetic part arises due to the interaction with the external
field.

Taking expectation values, the total electric current becomes:

〈Je(t)〉= 〈JP(t)〉+ 〈JD(t)〉. (3.2.9)
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To study the time evolution of this quantity and derive an expression for the optical
conductivity, we employ the Kubo formula [Eq. (3.1.16)]. Within linear response theory,
the diamagnetic term is already first-order in the perturbation, so its expectation value
can be evaluated in equilibrium:

〈J D
i (t)〉= −

e2

m
Ai(r, t)〈ρ〉0. (3.2.10)

On the other hand, the paramagnetic contribution is evaluated using the Kubo formula:

〈J P
i (t)〉= −

i
ħh

∫ t

t0

d t ′



[Ĵ P
i (t), V̂ (t ′)]

�

0
, (3.2.11)

where we have assumed that the equilibrium current vanishes, i.e., 〈J P
i (t)〉0 = 0. The

perturbation V (t) can be expressed in terms of the current operator by noting that:

JP = e
∂ H0

∂ p
= e

p
m

. (3.2.12)

In the long-wavelength limit (q→ 0), the electromagnetic fields become time-dependent
only: A(t) = A0e−iωt and E(t) = E0e−iωt . From Maxwell’s equations, we have the relation
E(t) = −∂tA(t) = iωA(t), so the perturbation becomes:

V (t) =
i
ω

JP · E(t). (3.2.13)

Substituting this expression into the Kubo formula and taking t0 → −∞, neglecting
transient effects, we obtain:

〈J P
i (t)〉=

1
ħhω

∑

j

∫ t

−∞
d t ′

¬

[Ĵ P
i (t), Ĵ P

j (t
′)]
¶

0
E j(t

′). (3.2.14)

To obtain an expression for the optical conductivity in the frequency domain, we take
the Fourier transform of the current expectation value:

〈J e
i (ω)〉=

∫ ∞

−∞
d t eiωt〈J P

i (t)〉+
∫ ∞

−∞
d t eiωt〈J D

i (t)〉. (3.2.15)

The first integral corresponds to the Fourier transform of the paramagnetic contribution:

〈J P
i (ω)〉=

1
ħhω

∑

j

∫ ∞

0

dτ eiωτ〈[Ĵi(τ), Ĵ P
j (0)]〉0 E j(ω), (3.2.16)

where we changed variables to τ= t − t ′.
The second integral corresponds to the Fourier transform of the diamagnetic contri-

bution. Using the relation E(t) = iωA(t), the diamagnetic term in the frequency domain
becomes:

〈J D
i (ω)〉= −

ne2

m
Ei(ω)

iω
. (3.2.17)
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where n= 〈ρ〉0 is the density of particles. Thus, the total current becomes:

〈J e
i (ω)〉=

∑

j

�

1
}hω

∫ ∞

0

dτ eiωτ
¬

[Ĵ P
i (τ), Ĵ P

j (0)]
¶

0
+

ie2n
mω

δi j

�

E j(ω). (3.2.18)

From this expression, we identify the optical conductivity as a function of the frequency
of the external electric field:

σi j(ω) =
i
ω̃

�

Πi j(ω) +
e2n
m
δi j

�

, (3.2.19)

where the current–current correlation function is defined as

Πi j(ω) =
1
i}h

∫ ∞

0

dτ eiω̃τ
¬

[Ĵ P
i (τ), Ĵ P

j (0)]
¶

0
, (3.2.20)

Here, we have introduced an artificial relaxation mechanism by replacing ω → ω̃ =
ω + iη, where η > 0 accounts for dissipation effects [123]. This parameter ensures
convergence of the integral and should be taken to zero at the end of the calculation,
η→ 0+.

For Dirac systems, it is possible to define an appropriate diamagnetic contribution
such that the Kubo formula for the conductivity takes a simplified form [124]:

σi j(ω) =
i
ω̃
[Πi j(ω)−Πi j(0)], (3.2.21)

where Πi j(0) = limω̃→0Πi j(ω). This expression is particularly convenient for evaluating
the optical response of Dirac systems to external electromagnetic fields.

3.2.1 Spectral form of the optical conductivity tensor
The Kubo formula for the optical conductivity can be rewritten in its spectral repre-
sentation by explicitly expanding the current-current correlation function. For a two-
dimensional system in equilibrium, the retarded correlation function takes the form

Πi j(ω) =
1
i}h

∫ ∞

0

d t eiω̃t

∫

d2k
(2π)2

∑

λ

f (ϵλ) 〈ψλ(k)| [Ĵ P
i (τ), Ĵ P

j (0)] |ψλ(k)〉 , (3.2.22)

where f (ϵλ) = {exp[(ϵλ − ϵF)/kB T] + 1}−1 is the Fermi-Dirac distribution function for
fermions, and ϵλ(k), |ψλ(k)〉 are the eigenvalues and eigenstates of the equilibrium
Hamiltonian.

After performing the time integral, the correlation function takes the spectral form:

Πi j(ω) = e2

∫

d2k
(2π)2

∑

λ,λ′

[ f (ϵλ)− f (ϵ′
λ
)]
〈ψλ(k)| vi |ψλ′(k)〉 〈ψλ′(k)| v j |ψλ(k)〉

ϵλ − ϵλ′ +ħhω̃
, (3.2.23)
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where the velocity operator is defined as vi = (1/e)Ĵ P
i . Hence, using Eq. (3.2.21), we

recover the following expression for the optical conductivity:

σi j(ω) = −ie2ħh
∫

d2k
(2π)2

∑

λ,λ′

�

f (ϵλ)− f (ϵ′
λ
)

ϵλ − ϵλ′

�

〈ψλ(k)| vi |ψλ′(k)〉 〈ψλ′(k)| v j |ψλ(k)〉
ϵλ − ϵλ′ +ħhω̃

.

(3.2.24)
To better visualize the different contributions to the optical conductivity, it is conve-

nient to split the summation over λ,λ′ into two parts: intraband (λ= λ′) and interband
(λ ̸= λ′) contributions:

σi j(ω) =− ie2}h
∫

d2k
(2π)2

∑

λ

lim
λ′→λ

�

f (ϵλ)− f (ϵλ′)
ϵλ − ϵλ′

� 〈ψλ(k)| vi |ψλ′(k)〉 〈ψλ′(k)| v j |ψλ(k)〉
ϵλ − ϵλ′ +}hω̃

− ie2}h
∫

d2k
(2π)2

∑

λ′,λ
λ′ ̸=λ

�

f (ϵλ)− f (ϵλ′)
ϵλ − ϵλ′

� 〈ψλ(k)| vi |ψλ′(k)〉 〈ψλ′(k)| v j |ψλ(k)〉
ϵλ − ϵλ′ +}hω̃

,

= σintra
i j (ω) +σ

inter
i j (ω), (3.2.25)

where σintra
i j (ω) denotes the intraband contribution, which can be written as

σintra
i j (ω) = i

e2

ω̃

∑

λ

∫

d2k
(2π)2

�

−
∂ f (ϵλ)
∂ ϵλ

�

〈ψλ(k)| vi |ψλ(k)〉 〈ψλ(k)| v j |ψλ(k)〉 . (3.2.26)

Using the Kramers-Kroning relations, we obtain that:

lim
η+→0

1
x ± iη+

= P
�

1
x

�

∓ iπδ(x), (3.2.27)

the intraband conductivity can be decomposed into a delta peak at zero frequency and
a purely imaginary dispersive part:

σintra
i j (ω) = Di jδ(ω) + iIm{σintra

i j (ω)}, (3.2.28)

where Di j = π limω→0[ω Im{σintra
i j }] is the Drude weight. This quantity characterizes the

charge stiffness, i.e., the ability of the system to carry a persistent current. Importantly,
Di j is finite in metals but vanishes in insulators. It remains well-defined even in the
presence of disorder or interactions [125].

On the other hand, the interband contribution to the conductivity reads:

σinter
i j (ω) = −ie2}h

∫

d2k
(2π)2

∑

λ′,λ
λ′ ̸=λ

�

f (ϵλ)− f (ϵλ′)
ϵλ − ϵλ′

� 〈ψλ(k)| vi |ψλ′(k)〉 〈ψλ′(k)| v j |ψλ(k)〉
ϵλ − ϵλ′ +}hω̃

.

(3.2.29)
This term describes vertical transitions between occupied and unoccupied states across
different bands and is responsible for photon absorption at finite frequencies.
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Finally, we note that the optical conductivity is, in general, a complex tensor quantity
with both real and imaginary parts, expressed as

σi j(ω) = Re{σi j(ω)}+ iIm{σi j(ω)} (3.2.30)

These components are not independent; they are fundamentally connected through the
Kramers–Kronig relations, which ensure causality in the system’s response [126–128]:

Re{σi j(ω)}=
1
π
P
∫ ∞

−∞

Im{σi j(ω′)}
ω′ −ω

dω′, (3.2.31)

Im{σi j(ω)}= −
1
π
P
∫ ∞

−∞

Re{σi j(ω′)}
ω′ −ω

dω′. (3.2.32)

Physically, the real part of the optical conductivity, Re{σi j(ω)}, quantifies the dissipa-
tive response of the material — that is, the net absorption of energy from the incident
electromagnetic field due to processes such as interband or intraband transitions [129].
In contrast, the imaginary part, Im{σi j(ω)}, characterizes the non-dissipative (reactive)
response, associated with energy temporarily stored in the material’s polarization or
current oscillations. This component contributes to the phase shift between the applied
field and the induced current but does not correspond to net energy loss [129, 130].

3.3 Optical conductivity of graphene

To illustrate the concepts discussed throughout this chapter, we now present a detailed
calculation of the optical conductivity of pristine graphene. Starting from its low-energy
Hamiltonian and eigenstates near the Dirac points, one finds that the conductivity tensor
reduces to a scalar form due to isotropy. The components take the following expressions:

Re{σξ(ω)}= Dδ(ω) +Re{σξ,inter(ω)} (3.3.1)
Im{σξ(ω)}= Im{σξ,intra(ω)}+ Im{σξ,inter(ω)} (3.3.2)

σξx y(ω) = −σ
ξ
x y(ω) = 0 (3.3.3)

where the subscripts intra and inter label the intraband and interband contributions, re-
spectively. The term D = π limω→0[ωIm{σξ(ω)}] = π limω→0[ωIm{σξ,intra(ω)}] is known
as the Drude weight, which characterizes the strength of the intraband (free-carrier) re-
sponse.

It is important to note that the full optical conductivity tensor σi j(ω) is obtained by
summing over contributions from both valleys, i.e., σi j(ω) =

∑

ξ=±σ
ξ
i j(ω). In general,

for an isotropic system, the structure of the conductivity remains the same as in the
expressions above, except for the absence of the valley index.
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3.3.1 Interband contribution
Graphene is a two-band system consisting of a conduction and a valence band. We
denote the band indices by λ,λ′ = ±, where +(−) refers to the conduction (valence)
band. We define the following matrix elements:

vξi j(k) =



ψξ+(k)
�

� vi

�

�ψξ−(k)
� 


ψξ−(k)
�

� v j

�

�ψξ+(k)
�

, (3.3.4)
such that the interband optical conductivity in Eq. (3.2.29), can be written as

σξ,inter(ω) = −
ie2}h
(2π)2





∫

d2k
�

f (ϵ+)− f (ϵ−)
2d(k)

�

 

vξi j(k)

2d(k) +}hω̃
−

vξji(k)

2d(k)−}hω̃

!



 , (3.3.5)

where we have defined 2d(k) = ϵ+(k)−ϵ−(k). At zero temperature, the Fermi-Dirac dis-
tribution reduces to a Heaviside step function, and the interband conductivity becomes

σξ,inter(ω) =
ie2}h
(2π)2





∫ ′

d2k
1

2d(k)

 

vξi j(k)

2d(k) +}hω̃
−

vξji(k)

2d(k)−}hω̃

!



 , (3.3.6)

where the prime on the integral denotes the region in k-space for which ϵ−(k) < ϵF <
ϵ+(k). Now, we write the matrix elements as vξi j(k) = Re{vξi j(k)}+ i Im{vξi j(k)} and use
the Kramers–Kronig relations [Eq. (3.2.27)] to express the conductivity as

σξ,inter(ω) =
e2}h
(2π)2

∫

d2k
1

2d(k)

§

Im{vξi j}P
�

−4d(k)
[2d(k)]2 − (}hω)2

�

+Re{vξi j}πδ(2d(k)−}hω) +

i
�

Re{vξi j}P
�

−2}hω
[2d(k)]2 − (}hω)2

�

+ Im{vξi j}πδ(2d(k)−}hω)
�ª

= Re{σξ,inter(ω)}+ i Im{σξ,inter(ω)}.
(3.3.7)

We have neglected terms proportional to δ(2d(k) +ħhω), as they describe emission pro-
cesses. Since we assume the system is initially in its ground state, only absorption pro-
cesses—described by δ(2d(k)−ħhω)—are considered.

Finally, we obtain the real and imaginary parts of the interband conductivity:

Re{σξ,inter(ω)}= −gsσ0
}h2

4π

∫

d2k
1

2d(k)

�

Im{vξi j(k)}P
�

4d(k)
[2d(k)]2 − [}hω]2

�

−πRe{vξi j(k)}δ(2d(k)−}hω)
�

, (3.3.8)

Im{σξ,inter(ω)}= −gsσ0
}h2

4π

∫

d2k
1

2d(k)

�

Re{vξi j(k)}P
�

2}hω
[2d(k)]2 − [}hω]2

�

+πIm{vξi j(k)}δ(2d(k)−}hω)
�

(3.3.9)

where σ0 = 2e2/h is the universal conductivity quantum and gs = 2 accounts for spin
degeneracy.
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Real part of interband conductivity
Considering the real part of the interband contribution, we have:

Re{σξ,inter
i j (ω)}= gsσ0

}h2

4

∫ ′

d2k
Re{vξi j}(k)

2d(k)
δ(2d(k)−}hω), (3.3.10)

where we have taken Im{vξi j}= 0 since vξi j is Hermitian and given by

vξi j =
v2

F

2
{δ j

i [1+ (δ
y
i −δ

x
i ) cos(2θ )]− ξ[1−δ j

i ] sin(2θ )}. (3.3.11)

Note that vξi j does not depend on the band, and is valid for interband and intraband
transitions. Due to the azimuthal symmetry of the graphene dispersion relation, ϵη =
η}hvF k with η= ± the band index, we can switch to polar coordinates. The delta function
then becomes

δ(2d(k)−}hω) = Θ(}hω−}hωF)
δ(k− kr)
|∂k[2d(kr)]|

, (3.3.12)

where kr is the solution of 2d(k) = }hω, and defines the radii of the resonance curves. The
step function arises from the Pauli blocking condition k > kF , where kF is the radii of the
Fermi contour, ϵη(k) = ϵF , and thus }hω > 2d(kF) ≡ }hωF defines the critical frequency.
Therefore, the conductivity becomes

Re{σξ,inter
i j (ω)}= gsσ0

}h2

4

∫ 2π

0

dθ

∫ ∞

kF

kdk Θ(}hω−}hωF)
Re{vξi j}

2}hvF k
δ(k− kr)

2}hvF
. (3.3.13)

Only the components Re{vξi j} depend on the angular variable. After solving the angular
part, we note that the conductivity tensor reduces to a scalar. Therefore, the real part of
the interband conductivity is given by

Re{σξ,inter(ω)}= gsσ0
π

16
Θ(}hω− 2|ϵF |), (3.3.14)

which shows that it depends only on the Fermi energy.

Imaginary part of interband conductivity
On the other hand, the imaginary part of the interband contribution is given by

Im{σξ,inter(ω)}= −gsσ0
}h2

4π

∫

d2k
Re{vξi j(k)}

2d(k)
P
�

2}hω
[2d(k)]2 − [}hω]2

�

. (3.3.15)

Following a similar procedure to the real part, we change to polar coordinates and per-
form the angular integration:

Im{σξ,inter(ω)}= −gsσ0
vF}h
8π

P
∫ ∞

kF

2}hω
[2d(k)]2 − [}hω]2

dk. (3.3.16)
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Figure 3.2: Real and imaginary parts of the optical conductivity of graphene
as a function of photon energy ħhω, at zero temperature and finite Fermi level.
On the side, we include a schematic diagram illustrating the possible optical
transitions: intraband (within the same band), interband (across bands), and
the forbidden transitions due to Pauli blocking. We consider ϵF = 0.2 eV.

Thus, the imaginary part of the interband conductivity becomes

Im{σξ,inter(ω)}= gsσ0
1
16

ln

�

�

�

�

}hω− 2|ϵF |
}hω+ 2|ϵF |

�

�

�

�

. (3.3.17)

Finally, the total interband conductivity for graphene is given by

σinter(ω) = gs gvσ0
π

16

�

Θ(}hω− 2|ϵF |) +
i
π

ln

�

�

�

�

}hω− 2|ϵF |
}hω+ 2|ϵF |

�

�

�

�

�

, (3.3.18)

where we have included gv = 2 as the valley degeneracy [131]

3.3.2 Intraband contribution
To obtain the intraband contribution to the optical conductivity, it is sufficient to compute
its imaginary part, from which the full expression can be reconstructed. The imaginary
part of the intraband conductivity is given by

Im{σξ,intra
i j }=

e2}h
}hω

∫

d2k
(2π)2

∑

η

�

−
∂ f (ϵη)

∂ ϵη

�

¬

ψξ
η
(k)
�

�

� vi

�

�

�ψξη(k)
¶¬

ψξ
η
(k)
�

�

� v j

�

�

�ψξη(k)
¶

,

(3.3.19)

where f (ϵ) is the Fermi-Dirac distribution. The matrix elements can be expressed in
terms of vξi j as in Eq. (3.3.11). At zero temperature, the Fermi-Dirac distribution becomes
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a step function, and its derivative turns into a Dirac delta function
�

−∂ f (ϵη)/∂ ϵη
�

=
δ(ϵη − ϵF). Thus, the expression simplifies to

Im{σξ,intra
i j }= gsσ0

}h2

4π}hω

∑

η

∫

d2k vξi jδ(ϵη − ϵF). (3.3.20)

Switching to polar coordinates, we can write

Im{σξ,intra}= gsσ0
}hvF

4}hω

∑

η

∫

dk kδ(k− kF), (3.3.21)

Depending on the sign of the Fermi level, only one of the bands contributes, so the sum
over η effectively gives a single contribution. This leads to the result

Im{σξ,intra}= gs gvσ0
1

4}hω
|ϵF |. (3.3.22)

Therefore, the full intraband conductivity becomes

σintra(ω) = gsσ0
π

2

�

δ(}hω) + i
1
π}hω

�

|ϵF | (3.3.23)

where we have used the Kramers-Kronig relation to include the real part [Eq. (3.3.1)].
Figure 3.2 shows the full optical conductivity. The intraband contribution domi-

nates at low frequencies, exhibiting a Drude-like peak centered at ω = 0. At higher
frequencies, the interband transitions become active once the photon energy exceeds
}hωF = 2|ϵF |, resulting in a step-like increase in the real part. The imaginary part shows
a dispersive behavior, with a sign change near the onset of interband transitions.

We notice, the optical conductivity of graphene presents a unique behavior due to its
gapless, linear dispersion relation. At zero frequency, the interband contribution leads
to a universal value for the real part of the conductivity, given by σmin = e2

4ħh , indepen-
dent of material parameters or doping. This quantized response is a direct consequence
of the relativistic-like nature of Dirac electrons in graphene and has been confirmed
experimentally through optical absorption measurements [11, 12, 117].

Moreover, the inclusion of a finite Fermi level introduces a frequency window where
interband transitions are Pauli-blocked, and the optical response is purely intraband.
This results in a prominent Drude peak in the imaginary part of the conductivity, which
diverges as 1/ω when ω→ 0. Such behavior is a hallmark of metallic conduction and
can be tuned via doping, making graphene a versatile platform for terahertz and infrared
optoelectronics [132, 133].



4
Kekulé-modulated α-T3 model

In this chapter, we introduce a hybrid model, a α-T3 model featuring a p3×
p

3 Kekulé
pattern modulation [101]. Such a hybrid system may result from the depositing of
adatoms in a hexagonal lattice, where the two sublattices are displaced in the perpen-
dicular direction, like in germanene and silicene. We derive analytical expressions for
the energy dispersion and the eigenfunctions using a tight-binding approximation of
nearest-neighbor hopping electrons. Finally, we include the effects of the perpendicular
electric field on the band structure.

4.1 Overview

The model we propose is a hybrid system based on a honeycomb lattice (like silicene,
germanene, or stanene) with an atom located at the center of each hexagon, appearing
with Kekulé periodicity and a hybridizing with only one of the sublattices, as shown
in Fig. 4.1 (a). This model is conceptually related to the proposal realizations of the
Kek-O model [24, 112], with the key difference that we assume hybridization occurs
in our system. We name this system as “Kekulé-modulated α-T3 model" (Kek-α), which
provides a robust platform for studying valley and flat-band physics.

Experimental realizations of Kekulé-modulated systems have been reported, such as
graphene on a SiC substrate intercalated with Li atoms [see Fig. 4.1 (b)], which in-
duces Kekulé-O phase distortions [24, 54]. Importantly, the intercalation of Cs atoms in
graphene layers has been experimentally achieved and shown to induce hybridization
between the Cs and carbon atoms [see Fig. 4.1 (c)], leading to Brillouin zone folding
and origin a flat band [74]. Moreover, theoretical proposals, such as SnI layers with Ag
adatoms, achieve geometries closely resembling our proposed model [134], as shown in
Fig. 4.1 (d). Building upon these developments, we envision that silicene or germanene
with sublattices displaced along the z-plane [135], combined with Kekulé-patterned de-
position of adatoms capable of selectively hybridizing with one sublattice, could realize

32
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Figure 4.1: (a) Lattice structure of the proposedmodel. The system consists of
a buckled honeycomb lattice with adatoms deposited in ap3×

p
3 pattern. (b)

Schematic experimental setup illustrating the realization of the Kek-O model.
Adapted from [24, 54]. (c) Low-Energy Electron Diffraction (LEED) pattern
for a Cs(2×2)/graphene/Cs(p3×

p
3)/Ir(111) heterostructure, along with the

atomic geometry of the Cs/graphene unit cell. Adapted from [74]. (d) Crystal
structure of a SnI monolayer with Ag adatoms, shown from the side (top) and
top (bottom) views. Adapted from [134].

the Kek-α model experimentally. Evidence of adatom in silicene and germanene further
supports the feasibility of this approach [136–139].

Given the increasing interest in space-modulated and flat-band materials, we aim to
anticipate potential future developments in these systems.

4.2 Tight-binding model

We consider a honeycomb lattice with adatoms on its surface disposed with a p3×
p

3
Kekulé periodicity. We call this superlattice with seven atoms per unit cell, Kekulé-
modulated α-T3 model. The adatoms are located on top of the center of the hexagon
(central atoms), forming a third triangular sublattice C with a larger lattice parameter
that only couples with sublattice B, as shown in Fig. 4.2 (a).

The corresponding tight-binding Hamiltonian is:

H = −t
∑

r

3
∑

j=1

b†
r ar−δ j

−
∑

r′

3
∑

j=1

t ′c†
r′ br′−δ j

+H.c., (4.2.1)

where the first term describes the honeycomb lattice, with t the hopping energy be-
tween nearest neighbor sites belonging to sublattices A and B, connected by the vec-
tors δ1 =

a
2(
p

3,−1), δ2 = −
a
2(
p

3,1), δ3 = a(0,1). Here a is the atomic distance.
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Figure 4.2: (a) Lattice structure of Kekulé-modulated α-T3 model. Atoms on
sublattices A and B are depicted as gray and blue circles, respectively. The cen-
tral atoms in red appear with Kekulé periodicity and only connect with the B
sublattice. (b) The basis vectors of the honeycomb lattice are a1 and a2. The
vectors δ1, δ2, and δ3 connect each A or B atom to its nearest neighbors. The
gray parallelogram represents the unit cell of the superlattice. (c) Reciprocal
space with vectors K±. The original (honeycomb lattice) Brillouin zone is rep-
resented as a black dashed hexagon. The K±D valleys (at the red Dirac points)
are coupled by the wave vector G= K+−K− and folded onto the center of the
superlattice Brillouin zone (blue point).

Thus, the honeycomb lattice vectors are a1 = δ3 − δ1 and a2 = δ3 − δ2, such that the
atoms have positions r = na1 + ma2 (n, m ∈ Z) in sublattice B and r + δ3 in sublattice
A (see Fig. 1(b)). The second term describes the coupling between central atoms at
r′ = n(2a1 − a2) +m(2a2 − a1) and nearest neighbor atoms in sublattice B, with t ′ = αt
the corresponding hopping energy. The parameter α varies continuously between 0 and
1, interpolating between the honeycomb (α = 0) and a dice lattice with Kekulé period-
icity (α= 1).

In order to describe the superlattice (Kek-α) with the hexagonal Brillouin zone, we
consider additional sites added in sublattice C but with zero amplitude hoppings, in such
a way that we can sum over all the cells r′ = r+δ3 replacing t ′→ tr, j, with

tr, j = αt{1+ 2Re[eiG·(r+δ j)]}, (4.2.2)

where the Kekulé wave vector is the “distance” between valleys, defined as G= K+−K−
(see Fig. 4.2 (b)). A detailed derivation of the hopping amplitudes is provided in Ap-
pendix B.1.

The corresponding Hamiltonian in momentum space is given by

H =−
∑

k

a†
k f (k)bk −α

∑

k

�

b†
k f (k)ck + b†

k+G f (k+G)ck + b†
k−G f (k−G)ck

�

+H.c. ,

(4.2.3)
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Figure 4.3: (a) Energy band structure of the Kek-αmodel obtained by a direct
diagonalization of the tight-binding Hamiltonian defined by the lattice shown
in Fig. 4.2 (b). (b) Dispersion relation near the center of the superlattice
Brillouin zone. The spectrum displays dispersive bands plus a flat band at zero
energy originating from the bonded central atoms. We consider t = 2.7 eV and
α= 1.

where we have defined,
f (k) = t

3
∑

j=1

eik·δ j . (4.2.4)

with the momentum k varying in the original (honeycomb lattice) Brillouin zone. In
order to restrict k to the superlattice Brillouin zone, we group the annihilation operators
at k and k±G in the column vector Ψk = (ak, ak−G, ak+G, bk, bk−G, bk+G, ck, ck−G, ck+G)T, and
write the Hamiltonian in a 9× 9 matrix form:

H = −Ψ†
kH(k)Ψk, (4.2.5)

where

H(k) =





0 F(k) 0
F †(k) 0 αE(k)

0 αE†(k) 0



 , (4.2.6)

and

F(k) =





f0 0 0
0 f−1 0
0 0 f1



 , E(k) =





f0 f0 f0

f−1 f−1 f−1

f1 f1 f1



 , (4.2.7)

with fn = f (k + nG), and we have used the relation f (k ± 2G) = f (k ∓ G) [25]. The
full derivation, including the detailed basis transformation and intermediate steps, is
provided in Appendix B.2.
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Figure 4.4: (a) Brillouin zone of the α−T3 model in reciprocal space is shown
as a gray hexagon. The two inequivalent valleys are situated in the corners
of the hexagon. (b) Brillouin zone folding due to the Kekulé periodicity. (c)
Energy dispersion relation of Kek-α around the Γ in the folded Brillouin zone.
The label Z designates the flat band with “zero” velocity, S denotes the “slow”
cone with velocity vF , and F signifies the “fast” cone with velocity ∆αvF .

In Fig. 4.3, we show the energy dispersion of Kek-α superlattice. The Kekulé period-
icity brings the valleys into the Γ point, as observed in Kekulé-distorted graphene [25],
with the addition of a flat band due to the presence of central sites. Here, we assume
that the coupling occurs only with one sublattice, while other possible couplings are ne-
glected due to their significantly weaker magnitude, as a consequence of the sublattice
displacement along the z-axis.

4.3 Low energy Hamiltonian

An effective Hamiltonian for low energies can be obtained considering α ≲ 1 and by
noticing that the rows and columns of the matrices and associated with modes ak, bk,
and ck (illustrated in blue and gray in Fig. 4.3) lead to high energy bands, thus negligible
in the low energy limit. Consequently, in this limit the spectrum is primarily determined
by six modes, denoted as uk = (ak−G, ak+G, bk−G, bk+G, ck−G, ck+G). Projecting onto this
subspace results in the reduction of the nine-band Hamiltonian to an effective six-band
Hamiltonian

Heff = u†
k





0 g(k) 0
g†(k) 0 αh(k)

0 αh†(k) 0



uk, (4.3.1)

where
g(k) =

�

f−1 0
0 f1

�

, h(k) =
�

f−1 f−1

f1 f1

�

. (4.3.2)

We identify the K valley with +G and the K ′ valley with −G. The k-dependence of f±1

may be linearized near k= 0, leading to f±1(kx , ky) = }hvF(∓kx+ iky), where vF = 3at/2}h
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is the Fermi velocity. Finally, we can write a Dirac-like equation for the Kek-α model as

H
�

ΨK

ΨK ′

�

= ϵ
�

ΨK

ΨK ′

�

, H =
�

ħhvFk · S Q
Q† ħhvFk · S∗

�

, (4.3.3)

ΨK =





ψA,K

−ψB,K

ψC ,K



 , ΨK ′ =





ψA,K ′

ψB,K ′

ψC ,K ′



 , (4.3.4)

Q = αħhvF





0 0 0
0 0 keiθk

0 keiθk 0



 , (4.3.5)

where k = |k|, θk = tan−1(kx/ky), S = (Sx , Sy). The pseudospin operators Sx and Sy are
defined as

Sx =





0 1 0
1 0 α
0 α 0



 , Sy =





0 −i 0
i 0 −αi
0 αi 0



 . (4.3.6)

To determine the energy spectrum of the Kek-α model, we start from the Bloch
Hamiltonian in Eq. (B.2.9). The energy eigenvalues are obtained by solving the charac-
teristic equation det[H(k)− ϵI6×6] = 0, where I6×6 is the identity matrix. By computing
the determinant blockwise, the problem simplifies to evaluating:

det[H(k)− ϵI6×6] = det[−ϵ(ϵ2I2×2 −α2h(k)h†(k)) + ϵg(k)g†(k)],

= det[ϵI2×2] · det[α2h(k)h†(k) + g(k)g†(k)− ϵ2I2×2]. (4.3.7)
This reveals a doubly degenerate flat band at ϵ = 0. For the remaining four bands, we
focus on the second determinant, which reduces to

det[α2h(k)h†(k) + g(k)g†(k)− ϵ2I2×2] = det
��

(2α2 + 1)| f−1|2 − ϵ2 2 f−1 f ∗1
2 f1 f ∗−1 (2α2 + 1)| f1|2 − ϵ2

��

,

= ϵ4 − 2ϵ2(2α2 + 1)| f1|2 + (4α2 + 1)| f1|4, (4.3.8)
assuming | f−1|2 = | f1|2. Solving this quartic equation yields:

ϵ2
± =

�

(2α2 + 1)±
Æ

(2α2 + 1)2 − (4α2 + 1)
�

| f1|2,

= [2α2(1± 1) + 1]| f1|2,
(4.3.9)

which corresponds to two pairs of particle-hole symmetric bands. Expressing | f1|2 in
terms of the Dirac momentum, | f1|2 = ħh

2v2
F k2, we find the dispersion relation:

ϵξ
η
(k) = η}hvF(∆α)

ξk (4.3.10)

where ∆α =
p

4α2 + 1, η is the index band, η = 1 for the conduction band, η = −1 for
the valence band, and η = 0 for the flat band, and ξ = {0, 1} distinguishes between the
two propagation velocities.
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This result reveals the low-energy band structure of the Kek-α model: a distinctive
double cone structure, referred to as “fast” (F±) and “slow” (S±) cones, along with a
doubly-degenerate flat band denoted as “zero” (Z). The index ξ = {0, 1} labels the two
degenerate flat bands (Zξ) and the two cones, defining two velocities: the ‘fast velocity’
vF∆α (ξ= 1) and the ‘slow velocity’ vF (ξ= 0), associated to the fast cones F± and slow
cones S±, respectively.

In the α-T3 model, rescaling the energy renders the spectrum independent of α [22,
96]. However, in our case, such rescaling is not possible, and the spectrum remains
α-dependent because the Kekulé term couples with one sublattice only. Thus, when
the two valleys fold onto the Γ point (see Fig. 4.4 (b)) one of the cones show a strong
dependence on α and the other remains independent.

The eigenfunctions ψξ
η
are given by

ψ0
0(k) =

1
p

2















0
0
−1
0
0
1















, ψ1
0(k) =

1
p

8α2 + 2















2αe−i2θk

0
−1

2αei2θk

0
−1















,

for the flat bands, and

ψ0
±(k) =

1
2















±e−i2θk

−e−iθk

0
∓ei2θk

eiθk

0















, ψ1
±(k) =

1
2∆α















e−i2θk

±∆αe−iθk

2α
ei2θk

±∆αeiθk

2α















,

for the slow and fast cone, respectively. Two distinctive aspects of the present model
are reflected in these eigenstates. First, the states ψ0

0 and ψ1
0 are degenerate. This is

due to the Brillouin zone folding induced by the Kekulé periodicity, which merges the
valley states associated with the flat band. Second, only the fast states ψ1

± depend on
the coupling parameter α, while the slow states ψ0

± remain identical to those of pristine
graphene. This introduces an asymmetry between the fast and slow states of the nested
cones which is absent in the pure Kek-Y model, where both cones depend on the Kekulé
coupling. We verify that the low-energy analytical approximation, at low-energy, remain
consistent with numerical calculations up to α= 0.45.

4.4 Gapped Kek-α with a deformed flat band

In the ideal case, the proposed Kek-α model features a gapless energy spectrum with
two Dirac cones and a perfectly flat band lying at the Fermi level, resembling known
properties of the α-T3 lattice. However, real systems often deviate from this idealized
scenario, and one physically relevant perturbation is the applied perpendicular electric
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Figure 4.5: Band structure near the center of the superlattice Brillouin zone
for the gapped Kek-α model. Top: evolution with on-site energy m. Bottom:
evolution with coupling parameter α. The spectrum consists of two dispersive
bands and a curved flat band originating from the central atoms. Calculations
are performed with t = 2.7 eV.

field. The effect of this field can be captured in the effective model through an on-
site potential m acting only on the A and B sites, which introduces an energy imbalance
between the lattice sites. Once this term is included, the band structure becomes gapped
and, more interestingly, the flat band is no longer preserved: it shifts away from the
Fermi level and becomes dispersive.

We performed numerical tight-binding calculations considering nearest-neighbor hop-
pings in the enlarged unit cell [see Fig. 4.2 (b)]. The band structures were obtained by
diagonalizing the corresponding 7×7 Bloch Hamiltonian H(k) along the kx -axis path in
reciprocal space, where we compute the seven eigenvalues of H(k) at each momentum
point. The explicit matrix representation and numerical implementation are provided
in Appendix C. The resulting band structure reveals that the previously flat band be-
comes curved under the effect of a finite m around the Γ point, exhibiting a characteristic
deformation whose nature depends on both m and the coupling parameter α. Figure 4.5
shows the band structure near Γ point for several values of m (top row) and α (bottom
row). As expected, increasing m opens a band gap at the Γ point. Simultaneously, the
flat band moves away from the Fermi level and acquires a finite bandwidth. This de-
formation becomes more pronounced as m increases. Similarly, varying α modifies both
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the curvature of the flat band and the separation between the Dirac cones. These ob-
servations are consistent with previous findings on gapped α-T3 systems [140], where
it has been shown that the introduction of a band gap leads to a deformation of the flat
band.

Finally, the deformed flat band is no longer pinned at the Fermi level, and its acquired
curvature results in a finite density of states, which may have significant implications
for transport and optical properties. A comprehensive theoretical analysis is still needed
to quantify and interpret these effects. Moreover, a detailed study of the mechanism
behind breaking the flat band’s degeneracy, goes beyond the scope of the present work
and requires a more thorough analysis. Nevertheless, our findings highlight that the
interplay between the on-site potential m and the coupling parameter α gives rise to a
rich and tunable band structure, offering potential avenues for the design of flat-band
systems with controllable electronic features.



5
Optical response of Kekulé systems

This chapter is devoted to the study of the optical conductivity in honeycomb lattice with
Kekulé modulation. Three distinct variants of the Kekulé pattern are considered: the
Kek-O model, the Kek-Y model, and the Kekulé-modulated α-T3 model (Kek-α) model,
the latter being introduced and developed in this work.

The optical conductivities of the Kek-O and Kek-Y models have been previously re-
ported in the literature. For this reason, only their key results are briefly presented here
as a point of reference and comparison [56, 58, 141]. In contrast, the optical response of
the Kek-α model is derived in full detail, including the joint density of states, the iden-
tification of allowed optical transitions, and the explicit conductivity calculation. These
results were also disseminated in Ref. [101].

In addition to the zero-temperature results, a separate section discusses the effects of
finite temperature on optical conductivity. Finally, we analyze specific spectral features
that can interpreted as signatures of Kekulé periodicity, whichmay serve as experimental
indicators of this modulation type in two-dimensional systems.

5.1 Current response in Kekulé-modulated systems

The lattice and band structures of the Kekulé models play a crucial role in determin-
ing the allowed optical transitions and the overall frequency-dependent response [see
Fig. 5.1]. In particular, the presence or absence of a band gap, the location of Dirac
cones, and the degree of valley splitting all directly impact the joint density of states
and the optical conductivity.

The optical conductivity tensor in the three cases of Kekulé modulation reduces to a
scalar response function, with real and imaginary parts

Re{σ(ω)}= Dδ(ω) +Re{σinter(ω)} , (5.1.1)
Im{σ(ω)}= Im{σintra(ω)}+ Im{σinter(ω)} , (5.1.2)

41
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Figure 5.1: Lattice structure and band structure of (a) pristine graphene, (b)
Kekulé-distorted graphene (Kek-O and Kek-Y), and (c) the Kekulé-modulated
α-T3 model (Kek-α). These band structures are shown here to highlight the
key differences that influence the optical response of each system.

where the intraband and interband contributions are obtained from the current-current
Kubo formula as

σintra(ω) = i gs
σ0

4πħhω

∑

λ

∫

d2k δ (ϵλ − ϵF)
�

∂ ϵλ
∂ kx

�2

, (5.1.3)

Re{σinter(ω)}= gsσ0
ħhω
4

∑

λ

∫ ′

d2k Vλ,λ′(k) δ (ϵλ(k)− ϵλ′(k)−ħhω) , (5.1.4)

Im{σinter(ω)}= gsσ0
ħhω
2π

∑

λ,λ′

P
∫ ′

d2k Vλ,λ′(k)
ϵλ(k)− ϵλ′(k)

(ħhω)2 − (ϵλ(k)− ϵλ′(k))
2 , (5.1.5)

assuming zero temperature. Here, σ0 = 2e2/h, λ is the band index and P denotes Prin-
cipal Value integral. The function Vλ,λ′(k) arises from the product of matrix elements
of the velocity operator or in terms of the interband Berry connection as Vλ,λ′(k) =
Aλ,λ′(k)Aλ′,λ(k) where Aλ,λ′(k) = i〈λ,k|∂ki

|λ′,k〉 is the ki-component, with i = {x , y},
of the interband Berry connection. We choose i = x for concreteness given the isotropy
of the model. The elements Vλ,λ′(k) are given by:

Vλ,λ′(k) =
〈λ,k|∂kx

H |λ′,k〉 〈λ′,k|∂kx
H |λ,k〉

[ϵλ(k)− ϵλ′(k)]2
. (5.1.6)
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Figure 5.2: (a) Real and imaginary parts of the optical conductivity σ(ω)
for the Kek-Y model. (b) The real part of σ(ω) for ∆0 = 0 (graphene) and
∆0 = 0.1 (Kek-Y). The diagram on the right shows the allowed transitions
contributing to the conductivity. We take ϵF = 0.25eV.

The prime indicates integration over domains defined by the position of the Fermi energy
according to the condition ϵλ′(k)< ϵF < ϵλ(k). We have included in Eq. (5.1.1) the Drude
weight D = π limω→0[ωIm{σintra(ω)}] [142].

These expressions form the basis for the analysis of the frequency-dependent con-
ductivity for the Kekulé-modulated systems in the following sections.

5.2 Kekulé-distorted graphene

5.2.1 Kek-Y phase
The broken-valley degeneracy generates that the spectrum Kek-Y phase distortion con-
sists of two concentric gapless Dirac cones, referred to as “fast” (F±) and “slow” (S±)
cones [25, 58]. The energy dispersion relation is given by

ϵξ
η
(k) = ηħhvF(1+ ξ∆0)k (5.2.1)

where ∆0 is the Kekulé modulation parameter, η = ±1 is the index band for the con-
duction and valence band, respectively. The index ξ= ±1 labels the two cones, defining
two velocities: the ‘fast velocity’ vF(1 +∆0) (ξ = 1) and the ‘slow velocity’ vF(1 −∆0)
(ξ= −1), associated to the fast cones F± and slow cones S±, respectively.

The Fermi contours, defined by the condition ϵξ
η
(k) = ϵF , depend on the position

of the Fermi energy and the magnitude of the modulation parameter ∆0. In the Kek-
Y phase, allowed optical transitions occur only between states belonging to different
cones — a phenomenon known as intervalley transitions (e.g., S−→ F+, S+→ F−, S+→
F+). Transitions between states within the same cone are forbidden due to symmetry
constraints specific to the Kek-Y distortion [58, 60].

The total conductivity has intraband and interband contributions, σ(ω) = σintra(ω)+
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σinter(ω). The intraband conductivity, as in pristine graphene, is given by

σintra(ω) = gsσ0
π

2

�

δ(}hω) + i
1
π}hω

�

|ϵF |. (5.2.2)

This expression remains unchanged from the pristine graphene case, as the distortion
does not affect the transport properties within each cone. Amodification of the intraband
contribution would arise, for instance, in the presence of anisotropic effects in the energy
spectrum [143].

We divide the interband contribution as
σinter(ω) = σinter

>
(ω)Θ(ħhω− |ϵF |) +σinter

<
(ω)Θ(|ϵF | −ħhω), (5.2.3)

where σinter
>
(ω) considers contributions above the Fermi energy, that is the sum of all

permitted interband transitions, excluding S+ → F+ (or F− → S− when ϵF < 0), and
σinter
<
(ω) considers contributions below the Fermi energy, that is, the intervalley transi-

tions S+→ F+ and F−→ S−. Therefore

σinter
>
(ω) = gsσ0

π

16

�

Θ(}hω−}hω+) +Θ(}hω−}hω−)−
i
π

ln

�

�

�

�

}hω+}hω+
}hω−}hω+

·
}hω+}hω−
}hω−}hω−

�

�

�

�

�

,

(5.2.4)

σinter
<
(ω) = gs

σ0π

16

�

Θ (}hω−}hωi)Θ
�

}hω f −}hω
�

+
i
π

ln

�

�

�

�

}hω−}hω f

}hω+}hω f
·
}hω+}hωi

}hω−}hωi

�

�

�

�

�

.

(5.2.5)
In this case , }hωg = 2|ϵF | corresponds to the onset for the intravalley transitions, while
ħhω− = 2|ϵF |/(1 − ∆0), ħhω+ = 2|ϵF |/(1 + ∆0) , and ħhωi = 2∆0|ϵF |/(1 + ∆0), ħhω f =
2∆0|ϵF |/(1−∆0), to the intervalley transitions.

We note that the Kekulé-Y distortion opens an inter-cone transition channel that is
absent in pristine graphene (see Fig. 5.2) [58, 59]. The characteristic step-like absorp-
tion spectrum of graphene is split into two half-steps due to the onset of absorption in
each valley occurring at different characteristic frequencies, resembling the behavior of
a 3/2 pseudospin Dirac semimetal. Additionally, an absorption feature below the Fermi
energy emerges from the intervalley transition S+ → F+. This low-energy absorption
may serve as a distinctive signature of the Kekulé-Y phase [59, 63].

5.2.2 Kek-O phase
The Kek-O pattern induces a band gap in honeycomb lattice. The low-energy spectrum
for Kek-O consists of a doubly degenerate massive band [25, 40]. The energy dispersion
relation is given by

ϵη(k) = η
q

(ħhvF k)2 + (∆̃)2 (5.2.6)
where η= ±1 is the index band for the conduction and valence band, respectively. And
the parameter ∆̃ = 3t∆0, with ∆0 the Kekulé modulation parameter and t the hopping
parameter. The band gap at the Γ point is ϵg = 2∆̃.
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Figure 5.3: (a) Real and imaginary parts of the optical conductivity σ(ω)
for the Kek-O model. (b) The real part of σ(ω) for ∆0 = 0 (graphene) and
∆0 = 0.1 (Kek-O). The diagram on the right shows the allowed transitions
contributing to the conductivity. We take ϵF = 0.25eV.

The Fermi contours, defined by the equation ϵξ
η
(k) = ϵF determined by the position of

ϵF and the size of ∆0. In this system, there is a single type of interband transition: from
the valence band to the conduction band. The critical photon energy required to activate
such transitions depends on the Fermi level. When |ϵF | < ∆̃, no intraband transitions
occur, and the minimum photon energy for interband transitions is 2∆̃.

The total conductivity has intraband and interband contributions, σ(ω) = σintra(ω)+
σinter(ω). The intraband conductivity, as in gapped graphene [ref], is given by

σintra(ω) = gsσ0
π

2

�

δ(ħhω) + i
1
πħhω

� |ϵF |2 − (∆̃)2

|ϵF |
Θ(|ϵF | − ∆̃), (5.2.7)

The interband contribution has real and imaginary part are given by

Re{σinter(ω)}= gs gvσ0
π

16

�

1+

�

2∆̃
}hω

�2�

Θ (}hω−}hωc) , (5.2.8)

Im{σinter(ω)}= gs gvσ0

¨

∆̃2

2}hω
1
}hωc

+
1
16

�
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2∆̃
}hω

�2�

ln

�

�

�

�

}hω−}hωc

}hω+}hωc

�

�

�

�

«

, (5.2.9)

where }hωc =max{2∆̃, 2|ϵF |}.
We observe that the optical conductivity of the Kekulé-O model does not differ quali-

tatively from that of gapped graphene [144]. In particular, the onset of optical absorption
occurs at twice the band gap, and the overall frequency dependence resembles that of a
conventional massive Dirac system (see Fig. 5.3). This similarity indicates that the Kek-
O modulation does not leave a distinct optical signature. Although the Kekulé distortion
folds the two Dirac cones to the Γ point, the valley degeneracy remains effectively un-
broken, as the cones become indistinguishable in both energy and momentum space. As
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Figure 5.4: Schematic representation of optical interband transitions (arrows)
in the double cone structure (blue) of the Kek-α model. They are categorized
as intervalley (purple), intravalley (red), and flat-valley (green) transitions.
Shaded regions represent filled electron states up to the Fermi energy ϵF > 0
(gray dashed line). The inset shows the available conduction-to-conduction
intervalley band transitions opened below ϵF by the folding of the Brillouin
zone.

a result, no additional features—such as valley splitting or anisotropic interband tran-
sitions—emerge to differentiate the optical response from that of a trivial gap-opening
mechanism.

It is worth emphasizing that, to our knowledge, the optical conductivity of the Kekulé-
O phase has not been previously calculated or discussed in detail in the literature.

5.3 Kekulé-modulated α− T3 model

5.3.1 Joint density of states
As a previous step to the calculation of the optical conductivity, we first explore the
spectrum of interband transitions through the joint density of states (JDOS), which for
transitions (ξ′,η′)→ (ξ,η), from the ξ′,η′ band to the ξ,η at energy ħhω reads as

J ξ,ξ′

η,η′ (ω) = gs

∫ ′
d2k
(2π)2

δ(ϵξ
η
(k)− ϵξ

′

η′(k)−}hω) , (5.3.1)
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where gs = 2 is the spin degeneracy. The prime indicates an integration domain re-
stricted to that region of k-space for which ϵξ′η′(k) < ϵF < ϵ

ξ
η
(k) (Pauli blocking), where

ϵF is the Fermi energy. Given that ϵξ
η
(k)∝ k (see Eq. (5.2.6)), this inequality defines

the radii of the wave vectors available for the allowed transition (ξ′,η′)→ (ξ,η) at fixed
photon energy, η′ħhvF(∆α)ξ

′
k < ϵF < ηħhvF(∆α)ξk. According to the delta function, with

ω > 0, an additional restriction is imposed by energy conservation ϵξ
η
(k)− ϵξ

′

η′(k) = }hω,
which defines a circle with radius k = ω/(ηvF(∆α)ξ − η′vF(∆α)ξ

′
). The combination of

these conditions allows to find the critical energies for the interband transitions. It can
be anticipated that the JDOS will display the usual linear-in-ω dependence of graphene-
like systems.

Three sets of vertical transitions are distinguished in the present model:
(1) Intravalley transitions (ξ,η′ = −) → (ξ,η = +), which we denote as F− → F+

(ξ= 1) and S−→ S+ (ξ= 0). They are depicted with red arrows in Fig. ?? for ϵF > 0.
The JDOS of these transitions is

J ξ,ξ
+,−(ω) =

gs

8π
ħhω
(ħhvF)2

1
(∆α)2ξ

, ħhω> 2|ϵF | . (5.3.2)

Note that for the transition between slow cones (ξ = 0), S−→ S+ the result is the same
as for a single valley of pristine graphene. Also, when α→ 0, J 1,1

+,−(ω) = J 0,0
+,−(ω) and the

result for graphene is recovered.
(2) Intervalley transitions (ξ,η′) → (ξ̄,η = +) [with ξ̄ = 1 − ξ] for ϵF > 0 (purple

arrows in Fig. ??), which we refer to as {F− → S+, S− → F+, S+ → F+}, or transitions
(ξ′,η′ = −) → (ξ̄′,η) for ϵF < 0, collected in the set {S− → F+, F− → S+, F− → S−},
both sets are ordered in a decreasing energy onset sequence. The downward transitions
F+→ S+ (ϵF > 0) and S−→ F− (ϵF < 0), are excluded from the corresponding set. The
transition S+→ F+ is shown in the inset of Fig. 5.4.

The JDOS for the transitions with η′ ̸= η reads as

J ξ,ξ̄
+,−(ω) =

gs

2π
ħhω
(ħhvF)2

1
(∆α + 1)2

, ħhω>
�

∆α + 1
(∆α)ξ

�

|ϵF | , (5.3.3)

while for transitions with η′ = η,

J 1,0
+,+(ω) =

gs

2π
ħhω
(ħhvF)2

1
(∆α − 1)2

, (5.3.4)

with
�

∆α − 1
∆α

�

|ϵF |< ħhω< (∆α − 1)|ϵF | . (5.3.5)

The appearance of this window below |ϵF | is a clear signature of the present hybrid
model; as α → 0, it leads to the formation of a singularity, an effect known as band
nesting [145, 146]. Later, we will see how this impacts the conductivity and serves as a
distinctive feature of Kekulé periodicity.
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Figure 5.5: Joint density of states for (a) intervalley, (b) intravalley and flat-
valley transitions. The inset in (a) shows the contribution of intervalley transi-
tions between bands with the same index η (see inset in Fig. 5.4), which occur
in an energy window bounded by critical energies labeled as ħhωi and ħhω f (see
(5.3.5)). The results are normalized to the JDOS between the two bands of a
Dirac point at ħhω = 2|ϵF |, J0 = (gs/8π)(2|ϵF |/}h

2v2
F). We take ϵF = 0.3 eV and

α= 0.4.

(3) Flat-valley transitions (ξ′,η′ = 0)→ (ξ,η = +) (ϵF > 0) or (ξ′,η′ = −)→ (ξ,η =
0) (ϵF < 0), denoted as {Zξ

′ → F+, Zξ
′ → S+} (green arrows in Fig. ??) or {F− → Zξ,

S−→ Zξ}, respectively. For the former set, Eq. (5.3.1) with ϵξ′η′ = 0, gives

J ξ
+,0(ω) =

gs

2π
ħhω
(ħhvF)2

1
(∆α)2ξ

, ħhω> |ϵF | . (5.3.6)

For the latter set, taking ϵξ
η
= 0 in (5.3.1), J ξ′

0,−(ω) = J ξ′

+,0(ω).
Figure 5.5 displays the JDOS for the complete set of interband transitions of the

present model. The corresponding onsets in Eqs. (5.3.2)-(5.3.6) have been labeled
according to the definition

ħhωξ,ξ′

η,η′ = (η−η
′(∆α)

ξ′−ξ)|ϵF | . (5.3.7)

Thus, }hωg ≡ ħhω
1,1
+,− = ħhω

0,0
+,− = 2|ϵF | corresponds to the onset for the intravalley transi-

tions, while ħhω0,1
+,− = (∆α + 1)|ϵF |, ħhω1,0

+,− = (∆α + 1)|ϵF |/∆α (see (5.3.3)), and ħhω1,0
+,+ =

(∆α − 1)|ϵF |/∆α ≡ ħhωi, ∆αħhω1,0
+,+ = (∆α − 1)|ϵF | ≡ ħhω f (see (5.3.5)), to the intervalley

transitions. The corresponding energy onset for the flat-valley transitions are labeled as
ħhω0 ≡ ħhω

ξ,ξ′

+,0 = ħhω
ξ′,ξ′

0,− = |ϵF |.
It can be seen how for transitions sharing the onset, the α-dependent slope provides

a way to identify its nature. It is worthwhile to note also that for a decreasing magnitude
of the parameter α, the number of transitions between cones with the same band index,
S+ → F+ or F− → S−, notably increase because J +,−

+,+ (ω) ∝ (∆α − 1)−2, although the
frequency region (5.3.5) narrows.
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Figure 5.6: (a) Real and imaginary parts of the optical conductivity σ(ω) for
the Kek-αmodel. The inset shows the absorption window due to Re{σinter

α
(ω)}

(Eq. (5.3.12)) and the corresponding singularities in Im{σinter
α
(ω)}. (b) The

real part of σ(ω) for α = 0 (graphene) and α = 0.2 (Kek-α). The modulated
central atom increases and splits the interband conductivity into three steps,
and introduces and additional box-shaped energy window for optical absorp-
tion well below the Fermi energy, due to conduction-to-conduction intervalley
transitions. The diagram on the right shows the allowed transitions contribut-
ing to the conductivity. We take ϵF = 0.25eV.

5.3.2 Optical conductivity
The total conductivity has intraband and interband contributions, σ(ω) = σintra(ω) +
σinter(ω). The intraband conductivity, as in pristine graphene [64, 131, 142, 147], is
given by

σintra(ω) = gsσ0
π

2

�

δ(}hω) + i
1
π}hω

�

|ϵF |, (5.3.8)
where each cone contributed independently and the flat band did not, since it has uni-
formly zero group velocity.

We divide the interband contribution as
σinter(ω) = σinter

>
(ω)Θ(ħhω− |ϵF |) +σinter

<
(ω)Θ(|ϵF | −ħhω), (5.3.9)

where σinter
>
(ω) considers contributions above the Fermi energy, that is the sum of all

permitted interband transitions, excluding S+→ F+ (or F−→ S− when ϵF < 0), therefore
σinter
>
(ω) = [σinter

>
(ω)]0,1

+,0 + [σ
inter
>
(ω)]1,0

+,− + [σ
inter
>
(ω)]0,1

+,−, (5.3.10)
with each transition contribution given by,

�

σinter
>
(ω)

�ξ,ξ′

η,η′
= gsσ0

π

4ħh2v2
F

Vξ,ξ′

η,η′

(η(∆α)ξ −η′(∆α)ξ
′)2
×

×







Θ(}hω−}hωξ,ξ′

η,η′)−
i
π

ln





|}hω+}hωξ,ξ′

η,η′ |

|}hω−}hωξ,ξ′

η,η′ |











. (5.3.11)
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Figure 5.7: Top: Re{σinter
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The absorption window displays a red shift and narrows as parameter α de-
creases, with its magnitude increasing (see Eq. (5.3.12)). Bottom: Re{σinter

<
}

for varying ϵF with fixed value of α= 0.45. A red shift and a narrowing of the
spectrum is observed as ϵF diminish, but now its magnitude remains constant.

where we have defined the dimensionless coefficients Vξ,ξ′

η,η′ , defined for allowed inter-
band transitions, we have [ηη′(4α2−1)+∆α]2/4∆2

α
for intervalley transitions, 4α2/(2α2+

1) for the transition Z1→ S+ (or S−→ Z1) and zero otherwise.
On the other hand, σinter

<
(ω) considers contributions below the Fermi energy, that is,

the intervalley transitions S+→ F+ and F−→ S−, then

σinter
<
(ω) = gs

σ0π

4ħh2v2
F

V1,0
+,+

(∆α − 1)2
�

Θ (}hω−}hωi)Θ
�

}hω f −}hω
�

+

+
i
π

ln

�

�

�

�

}hω−}hω f

}hω+}hω f
·
}hω+}hωi

}hω−}hωi

�

�

�

�

�

. (5.3.12)

Intravalley transitions (S− → S+ and F− → F+) in the Kek-Y graphene model were pre-
viously shown to be forbidden using Fermi’s golden rule [58]. This can be attributed to
the fact that the S cone is entirely chiral, while the F cone is entirely antichiral. A more
formal verification was provided using symmetry arguments, which impose a selection
rule in the context of the Zitterbewegung effect [60]. In addition, we find that the tran-
sitions Zξ→ F+, between a flat band and the fast cone are absent, reducing the number
of transitions with the flat band, compared to the α-T3 model.

The real and imaginary parts of the total optical conductivity σ(ω), for ϵF = 0.25 eV,
are shown in Fig. 6(a), in Fig. 6(b) we compare the real part of the conductivity for
α = 0 (graphene) and α = 0.4. Compared with the usual optical response of graphene,
these plots show three distinctive features: an intervalley window for transitions below
the Fermi energy (see the inset in Fig. 6(a)), a flat band to slow cone step at ħhω = ϵF
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and the splitting of the step at ħhω = 2ϵF in two steps, one at ħhω0,1
+,− = (∆α + 1)|ϵF |, and

the other at ħhω1,0
+,− = (∆α+1)|ϵF |/∆α. Notably, the addition of the central atom results in

increased maximum absorption compared to that of other graphene-like systems, with
this distinct three-step structure in the optical conductivity [58, 59]. This effect, along
with the modified energy dispersion, resembles the behavior of a 5/2-pseudospin Dirac
semimetal [148], suggesting that lattice modulation may alter the system’s effective
pseudospin.

When α→ 0, theσinter
<
(ω) contribution and the flat-band term in Eq. (5.3.11) vanish,

reducing the interband conductivity to the well-known expression for pristine graphene’s
interband conductivity [131], σinter(ω) = σinter

gr (ω), where

σinter
gr (ω) = gs

σ0π

16

�

Θ(}hω− 2|ϵF |)−
i
π

ln

�

�

�

�

}hω+ 2|ϵF |
}hω− 2|ϵF |

�

�

�

�

�

. (5.3.13)

We further analyze the interband contributions below the Fermi energy σinter
<
(ω) in

Fig. 5.7. The frequency range of this conductivity is determined by }hω f i = }h(ω f −ωi) =
(∆α − 1)2|ϵF |/∆α, and it is centered at }hω< = ħh(ωi +ω f )/2 = (∆2

α
− 1)|ϵF |/(2∆α), as

shown in the inset of Fig. 6(b). Notice that ω< = (ω0,1
+,−−ω

1,0
+,−)/2, i.e. ω< is related with

the frequency difference of the transitions S− → F+ and F− → S+. The energy }hω< is
often referred to as the beat frequency [59] and is the result of interference between the
two closely spaced critical frequencies. For α→ 0, the contribution σinter

<
(ω) vanishes,

as the band ϵ++(k) and ϵ−+(k) nearly overlap, resulting in ∇k[ϵ++(k) − ϵ
−
+(k)] ≈ 0 and

resulting in an absorption peak in conductivity. This effect, known as band nesting, has
also been observed in transition metal dichalcogenides [145, 146] and space-modulated
2D materials, such as twisted bilayer graphene [73, 149, 150].

5.4 Effects of finite temperature on optical conductivity

In realistic conditions, temperature plays a crucial role in the optical response of ma-
terials. Thermal effects can smear spectral features and modify absorption profiles in
Dirac systems [58, 131, 141, 151]. Conceptually, this occurs because finite temperature
introduces a thermal distribution of carriers around the Fermi level, effectively averag-
ing the optical response over a range of energies. As a result, sharp transitions at zero
temperature broadened, and the conductivity becomes a thermally weighted version of
its zero-temperature counterpart.

The conductivity at finite temperature can be calculated from a convolution inte-
gral between the zero-temperature counterpart, σ(ω; T,µ′), and the peaked function,
∂ f /∂ µ′, with f [µ(T ),µ′] = (exp{β[µ(T )−µ′]}+ 1)−1, which takes the form [152]:

σ[ω; T,µ(T )] =
β

4

∫ ∞

−∞

σ(ω; 0,µ′)
cosh2{β[µ(T )−µ′]/2}

dµ′ (5.4.1)

where µ′ is the Fermi energy ϵF = µ(T = 0) and β = 1/kB T .
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Figure 5.8: Real and imaginary parts of the optical conductivity considering
the effect of finite temperature for the (a) Kek-Y, (b) Kek-O, and (c) Kek-α
models. We take µ = 0.2 eV, with ∆̃ = 0.1 for the Kek-Y and Kek-O models,
and α= 0.2 for the Kek-α model.

To obtain finite-temperature expressions for the three models under consideration,
we find that the essential components of the conductivity are modified as follows:

|ϵF | → 2kB T ln [2cosh(βµ/2)] (5.4.2)

Θ(ħhω−ħhωµ) →
1
2

�

tanh

�

βµ

2ħhωµ
(ħhω+ħhωµ)

�

+ tanh

�

βµ

2ħhωµ
(ħhω−ħhωµ)

��

(5.4.3)

Θ(ħhω−ħhωµ)Θ(}hω′µ −}hω) →
1
2

�

tanh

�

βµ

2ħhωµ
(ħhω+ħhωµ)

�

+

+ tanh

�

βµ

2ħhωµ
(ħhω−ħhωµ)

�

− (}hωµ→ }hω′µ)
�

(5.4.4)

|ħhω±ħhωµ| →
Ç

(ħhω±ħhωµ)2 +
�

ħhωµ(kB T )2/µ
�

(5.4.5)
Here,ωµ is the critical frequency associatedwith interband transitions (e.g., for graphene,
ωµ = 2µ/ħh ). The Eq. (5.4.2) corresponds to the intraband contribution, the Eqs. (5.4.3)
modifies the real part of the interband response, and the Eq. (5.4.5) smooths the loga-
rithmic divergence in the imaginary part of the interband conductivity.

In particular, for the imaginary part of the interband contribution, evaluating the con-
volution integral in Eq. (5.4.1) is generally not analytically tractable. However, a thermal
regularization can be introduced to approximate the result [131], effectively smoothing
the singularity, as shown in Eq. (5.4.5). This approach is accurate at low temperatures.
At higher temperatures, however, a full numerical evaluation of the convolution integral
is required for reliable results.
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Figure 5.9: (a) Temperature-dependent chemical potential µ(T ) for different
values of the effective gap ∆̃, with a fixed Fermi energy ϵF = 110 meV. (b) Real
part of the optical conductivity of the Kek-Y model at different temperatures,
computed for ϵF = 120 meV and ∆0 = 100 meV.

An accurate description of temperature effects in Dirac systems also requires de-
termining the temperature-dependent chemical potential µ(T ), which ensures carrier
density conservation. This is particularly important when calculating optical properties
at finite temperature. The resulting implicit equation, expressed in terms of the Fermi
energy ϵF = µ(0), takes the form [151]:

ϵ2
F − ∆̃

2 = 2(kB T )2Λ[T,µ(T ), ∆̃], (5.4.6)

where

Λ[T,µ(T ), ∆̃] = β∆̃ ln

�

1+ eβ(µ−∆̃)

1+ e−β(µ+∆̃)

�

+ Li2
�

−e−β(µ+∆̃)
�

− Li2
�

−eβ(µ−∆̃)
�

, (5.4.7)

Li2(x) is the dilogarithm function, and ∆̃ denotes the effective energy gap. Note that in
Eq.(̃5.4.6), only the Kek-O model corresponds to ∆̃ ̸= 0, while for the Kek-Y and Kek-α
models, ∆̃= 0.

In Fig. 5.9, we present the corresponding chemical potentials µ(T ) at a fixed positive
value of ϵF . The function µ(T ) remains positive in both cases. In the presence of a gap
leads to a more rapid decrease of µ(T ) as a function of temperature compared to the
simplest case of gapless.

5.5 Optical signature of Kekulé periodicity

The Kek-Y and Kek-α models exhibit a characteristic absorption window in the low-
frequency optical response (see Fig. 5.7), which is absent in the Kek-O model. This
absorption feature originates from the breaking of valley degeneracy due to the Kekulé
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Figure 5.10: Interband contribution to the optical conductivity below the
Fermi energy, Re{σinter

<
(ω)}, for (a) the Kek-Y model and (b) the Kek-αmodel,

for different values of ∆0 and α, respectively. The calculations are performed
at T = 298 K and ϵF = 120 meV.

periodicity. In contrast to pristine graphene, where inter-valley transitions are forbidden,
the folding of the Brillouin zone in Kekulé-modulated systems enables optical transitions
between states in different valleys.

This phenomenon leads to the interband transitions below the Fermi energy, a hall-
mark of Kekulé-modulated structures with gapless spectra. In both the Kek-Y and Kek-α
models, this contribution is associated with the S+→ F+ intervalley transition, as shown
in Fig. 5.2 and Fig. 5.6. The folding of the Brillouin zone causes certain conduction
bands to become nearly parallel, specifically ϵ++(k) and ϵ−+(k). This implies that their
energy difference has a small group velocity ∇k[ϵ++(k) − ϵ

−
+(k)] ≈ 0, which leads to an

enhancement in optical absorption, this is known as band nesting [63]. We notice that
the intraband contribution remains unchanged across all Kekulé models. The Kekulé
modulation does not affect transport within the same valley, meaning the Dirac cone
structure remains intact.

We present the optical response at finite temperature in Fig. 5.10. We observe that
the absorption feature extends into the infrared regime. In the Kek-α model, the spec-
trum at small values of α lies in the far-infrared, whereas in the Kek-Y model, it lies in
the mid-infrared range. In both cases, the absorption strength is tunable via the Kekulé
parameter: ∆0 for Kek-Y and α for Kek-α.

Moreover, in both models, the absorption magnitude is proportional to the strength
of the Kekulé modulation, i.e., to ∆0 or α. Notably, the Kek-α model exhibits a larger
absorption magnitude than the Kek-Y case. Furthermore, at zero temperature, the ab-
sorption appears as a well-defined window. At finite temperature, thermal broadening
smooths the optical response, transforming the window into a well-defined peak, as
shown in Fig 5.11. This effect is particularly noticeable in the Kek-α model, where the
magnitude of the peak becomes directly proportional to α (see Fig. 5.10) in contrast to
the zero-temperature where the opposite occurs (see Fig. 5.7).
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Figure 5.11: Interband contribution to the optical conductivity below the
Fermi energy, Re{σinter

<
(ω)}, for (a) the Kek-Y model and (b) the Kek-αmodel

at different temperatures. We consider ϵF = 200 meV, with ∆0 = 0.15 for the
Kek-Y model and α= 0.25 for the Kek-α model.

We identify a pronounced resonance peak at the center of the spectrum, referred to
as the Kekulé frequency, given by:

ωKek =
ω+ −ω−

2
=















2∆0

1−∆2
0

|µ|
ħh

for Kek-Y,

(∆2
α
− 1)

2∆α

|µ|
ħh

for Kek-α,

(5.5.1)

where ω+ and ω− correspond to the transition frequencies F− → S+ and S− → F+, re-
spectively.

This resonance is interpreted as a beat frequency, arising from the interference of
two absorption channels with closely spaced frequencies. Such interference results in
an observable peak in the conductivity spectrum [59]. The Kekulé periodicity lifts the
valley degeneracy, introducing two closely spaced absorption edges for each valley. The
interference between these two gives rise to the resonant Kekulé frequency, ωKek.

Finally, this phenomenon is particularly relevant in the context of space-modulated
2Dmaterials, such as twisted bilayer graphene [73, 149, 150], and we expect that might
serve as a fingerprint of Kekulé modulation in similar systems [58, 59, 63, 101].



6
Conclusions

This work has explored the electronic and optical properties of two-dimensional Dirac
materials with Kekulé modulation, focusing on three distinct Kekulé phases: Kek-Y, Kek-
O, and Kek-α.

Chapter 2 presented a review of the electronic structure of key Dirac materials, in-
cluding pristine graphene, Kekulé-distorted graphene and the α-T3 model. These sys-
tems served as the foundation for understanding their characteristic low-energy behav-
ior.

Building upon this background, in Chapter 4 we introduced a Kekulé modulation
into the α-T3 model, resulting in a novel hybrid system: the Kekulé-modulated α-T3

model (Kek-α). We calculated the band structure and corresponding eigenfunctions.
The model features a double-cone energy dispersion and a degenerate flat band, closely
resembling the spectrum of the Kek-Y model. Additionally, we briefly explored the ef-
fects of a perpendicular electric field by introducing asymmetric on-site energies. This
perturbation opens an energy gap and induces a curvature in the flat band, making it
weakly dispersive. A similar behavior has been reported in the irradiated α-T3 model
under circularly polarized light [140], though the underlying mechanisms differ. In our
case, the full understanding of this effect remains an open problem that requires further
investigation. Another interesting direction for future work is the inclusion of spin-orbit
coupling. Given that the considered lattice exhibits buckling, the intrinsic spin-orbit
interaction could be significant and may lead to nontrivial topological phases.

To characterize the quantum transport properties of these systems, we studied their
optical response. Chapter 3 established the theoretical framework by introducing linear
response theory and the Kubo formalism, including a detailed derivation of graphene’s
optical conductivity as a benchmark. In Chapter 5 , we applied this framework to com-
pute the optical conductivity of Kek-Y, Kek-O, and Kek-α.

The optical response of the Kek-Y model has been reported in earlier works [56, 58];
however, our analysis extends and refines its characterization. Both the Kek-Y and Kek-α
models exhibit highly tunable optical response governed by the Kekulé parameters ∆0
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and α, respectively. Notably, new features emerge in their conductivity spectra due to
the opening of intervalley channels, which are absent in pristine graphene and the α-T3

model. In contrast, the Kek-O phase optical spectrum does not differ qualitatively from
that of gapped graphene, without prominent signatures of Kekulé periodicity. Interest-
ingly, it has been shown that the Kek-Y model mimics the behavior of a pseudospin-3/2
Dirac system. In our study, the Kek-α phase revealed an optical conductivity with a dis-
tinct three-step structure, reminiscent of a pseudospin-5/2 Dirac semimetal. For all three
phases, our analytical results recover the well-known expressions for pristine graphene
in the appropriate low-energy limits.

We also studied the effects of finite temperature on the optical conductivity. By using
the standard convolution method, we obtained the finite-temperature response from the
zero-temperature conductivity. The results showed that thermal broadening primarily
smooths the spectral features around the critical frequencies, due to the broadening of
the Fermi-Dirac distribution. We computed and analyzed the temperature dependence
of the conductivity for all three phases. Finally, we identified an absorption resonance in
the Kek-Y and Kek-αmodels, associated with a beat frequency between the valleys. This
peak emerges in the optical conductivity at finite temperature and serves as a signature
of intervalley coupling. We analyzed how the peak position and intensity depend on
the Kekulé parameters and temperature, and identified the characteristic frequency at
which this resonance occurs.

In summary, the study of the electronic and optical properties of Kekulé-modulated
Dirac systems reveals key features of valley coupling and symmetry breaking, which
may serve as robust optical signatures for detecting Kekulé periodicity in related two-
dimensional materials.



A
Detailed tight-binding model of the Kekulé-
distorted graphene

We start from the tight-binding Hamiltonian of graphene with Kekulé bond modulation:

H = −
∑

r

3
∑

n=1

tr,na†
r br+δn

+H.c. (A.0.1)

where the bond-density wave is introduced as tr,n = t{1+2Re[∆̃ei(pK++qK−)·δn+iG·r]}. with
Kekulé wavevector G= K+−K− and ∆̃ the complex Kekulé parameter. The Hamiltonian
can be split into two parts:

H = −t
∑

r

3
∑

n=1

a†
r br+δi

− 2t
∑

r

3
∑

n=1

Re{∆̃ei(pK++qK−)·δn+iG·r}a†
r br+δn

+H.c.,

= H0 +HK (A.0.2)

where H0 corresponds to pristine graphene and HK captures the Kekulé perturbation.
To transform HK to momentum space, we define α= (pK++ qK−) ·δn and β = G · r, and
proceed with the Fourier transform:

HK = −t
∑

r

3
∑

n=1

[∆̃eiα+iβ + ∆̃∗e−iα−iβ]a†
r br+δn

+H.c.,

= −
t
N

∑

k,k′

∑

r

3
∑

n=1

[∆̃eiα+iβ + ∆̃∗e−iα−iβ]a†
kei(k′−k)·reik′·δn bk′ +H.c.,

= −
t
N

∑

k,k′

∑

r

3
∑

n=1

�

∆̃a†
ke−i[k−(k′+G)]·rei(k′+Kp,q)·δn bk′ + ∆̃

∗a†
ke−i[k−(k′−G)]·rei(k′−Kp,q)·δn bk′

�

+H.c.,

(A.0.3)
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where we have used Kp,q = (pK+ + qK−). After summing over real space, we obtain
momentum-conserving delta functions and the result:

HK = −t
∑

k′

3
∑

n=1

�

∆̃a†
k′+Gei(k′+Kp,q)·δn bk′ + ∆̃

∗a†
k′−Gei(k′−Kp,q)·δn bk′

�

+H.c. (A.0.4)

Using the definition of the structure factor for nearest-neighbor hopping f (k) =
∑

n eik·δn.
The full Hamiltonian in momentum space becomes:

H =−
∑

k

a†
k f (k)bk − a†

k+G∆̃ f (k+ pK+ + qK−)bk

− a†
k−G∆̃

∗ f (k− pK+ − qK−)bk +H.c.. (A.0.5)

We can expand the Hamiltonian by shifting each term by +G and −G, resulting in the
following form:

H = −
∑

k

�

a†
k f (k)bk + a†

k+G∆̃ f (k+ pK+ + qK−)bk + a†
k−G∆̃

∗ f (k− pK+ − qK−)bk +

+ a†
k+G f (k+G)bk+G + a†

k−G∆̃ f (k+ pK+ + qK− +G)bk+G+

+ a†
k∆̃
∗ f (k− pK+ − qK− +G)bk−G + a†

k−G f (k−G)bk−G+

+a†
k∆̃ f (k+ pK+ + qK− −G)bk−G + a†

k+G∆̃
∗ f (k− pK+ − qK− −G)bk−G

	

+H.c.,
(A.0.6)

and rewrite the Hamiltonian as:

H = −Ψ†
k

�

0 F(k)
F †(k) 0

�

Ψk, (A.0.7)

where we have defined the spinor Ψk = (ak, ak−G, ak+G, bk, bk−G, bk+G, ck, ck−G, ck+G), and
the coupling matrix F(k) takes the form:

F(k) =





f (k) f (k+ pK+ + qK− −G) f (k− pK+ − qK− +G)
f (k− pK+ − qK−) f (k−G) f (k+ pK+ + qK− +G)
f (k+ pK+ + qK−) f (k− pK+ − qK− −G) f (k+G)



 , (A.0.8)

which can be rewritten using the index equation ν= 1+ q− p mod 3, leading to

f (k+ pK+ + qK−) = f (k+ (p− ν)K+ + (q+ ν)K− + νG),
= f (k+ (2p− q)K+ + (2q− p)K− + (ν− 1)G). (A.0.9)

Given that p, q ∈ Z3, it follows [(2p−q)K++(2q− p)K−] ·δn = 2π(p+q)/3 for n= 1,2, 3.
Therefore, the function f (k) can be rewritten as

f (k+ pK+ + qK−) =∆ f (k+ (ν− 1)G), ∆= ei 2π
3 (p+q). (A.0.10)
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From the previous equation, it follows that f (k− pK+−qK−) =∆∗ f (k+(1−ν)G). There-
fore, the coupling matrix in Eq. (A.0.8) can be written as

Fν(k) =





f0 ∆ fν+1 ∆∗ f−ν−1

∆∗ f1−ν f−1 ∆ fν
∆ fν−1 ∆∗ f−ν f1



 . (A.0.11)

where fn(k) = f (k+ nG).
The low-energy spectrum of Kekulé-distorted graphene is governed by four dominant

modes uk = (ak−G, ak+G, bk−G, bk+G). In this basis, the Hamiltonian is expressed as:

H = −u†
k

�

0 hν(k)
h†
ν
(k) 0

�

uk, hν =
�

f−1 ∆̃ fν
∆̃∗ f−ν f1

�

. (A.0.12)

where the functions fn(k) = f (k+ nG) are defined from the structure factor of the hon-
eycomb lattice:

fn(k) = −t
3
∑

i=1

eik·δi einG·δi . (A.0.13)

To obtain a low-energy approximation, we expand fn(k) around k= 0 to first order:

f (k+ nG)≈ f (nG) + [k · ∇k f (k)|k=0] +O(k2) = −t
3
∑

i=1

�

(1+ ik ·δi)e
inG·δi

�

. (A.0.14)

Using this expression, we obtain the following equation:

f (k+ nG) = −t[(1+ ik ·δ1)e
i 2π

3 n + (1+ ik ·δ2)e
−i 2π

3 n + (1+ ik ·δ3)],

= −t

�

ei 2π
3 n + e−i 2π

3 n + 1+
p

3qx

2
i
�

ei 2π
3 n − e−i 2π

3 n
�

−
qy

2
i(ei 2π

3 n + e−i 2π
3 n − 2)

�

,

= −t
�

2 cos
�

2πn
3

�

+ 1−
p

3qx sin
�

2πn
3

�

− qy i
�

cos
�

2πn
3

�

− 1
��

.

(A.0.15)
Evaluating explicitly for n = ±1, and using the symmetry of the honeycomb lattice, we
obtain:

f±1(k) = −
3t
2
(∓qx + iqy) = ħhvF(∓qx + iqy), (A.0.16)

where the Fermi velocity is defined as vF =
3ta
2ħh , and (qx , qy) denote components of k. For

n= 0, the result simplifies to:
f0(k) = −3t. (A.0.17)

To express the Hamiltonian in the valley-isotropic representation, we applied the unitary
transformation uk = (ak−G, ak+G, bk−G, bk+G)→ uk = (−bk−G, ak−G, ak+G, bk+G), leading to
the transformed Hamiltonian:

H(k) =
�

vFp ·σ ∆̃Qν
∆̃∗Q†

ν
vFp ·σ

�

, (A.0.18)
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where p = (px , py), σ = (σx ,σy) is the Pauli matrix vector acting on sublattice space,
and the term vFp · σ captures the linear Dirac dispersion. The off-diagonal matrix Qν
encodes the Kekulé-induced intervalley coupling and depends on the Kekulé texture:

Qν =
�

f ∗−v 0
0 − fv

�

=
§

3tσz, ν= 0
vF(νpx − py i)σ0, |ν|= 1 . (A.0.19)



B
Details of the Kekulé-modulated α-T3 model

In this appendix provides supplementary derivations for the Kekulé-modulated α-T3

model, including the formulation of the spatially modulated hopping amplitudes, the
symmetry constraints enforced by the superlattice structure, and the explicit construc-
tion of the tight-binding Hamiltonian in momentum space and its corresponding low-
energy expansion.

B.1 Hopping amplitude

To reproduce the lattice structure shown in Fig. 4.1 (a), we introduce a hopping ampli-
tude t(r,δ j) that depends explicitly on the position r and on the nearest-neighbor vector
δ j. The modulation must respect the periodicity of the superlattice,

t(r,δ j) = t(r+R,δ j), (B.1.1)

where
R= n(2a1 − a2) +m(2a2 − a1), n, m ∈ Z. (B.1.2)

For convenience, we assume a parametrization of the form

t(r,δi) = α
�

t + t ′(r,δi)
�

, (B.1.3)

where it is sufficient to require periodicity only for the modulation t ′. We adopt the
simple ansatz

t ′(r,δ j) = 2tRe{eiF·δ j+iG·r}= t cos
�

F ·δ j +G · r
�

. (B.1.4)
Imposing superlattice periodicity,

eiF·δ j+iG·(r+R) = eiF·δ j+iG·r ⇒ eiG·R = 1, (B.1.5)
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implies that G must belong to the reciprocal lattice of the superlattice. The recipro-
cal lattice of the Kekulé-modulated honeycomb coincides with the set generated by the
graphene Dirac points K±. An identical argument applies to F. Thus, we write

G= pK+ + qK−, F= uK+ + vK−, p, q, u, v ∈ Z. (B.1.6)
For all superlattice vectors R, we require the following two conditions:

t ′(R,δ3) = t ′(R+ ai,δi) ̸= 0, (B.1.7)
t ′(R,δ j) = t ′(R+ ai,δ j) = −

1
2 , (B.1.8)

with i, j ∈ {1, 2}, i ̸= j. The first condition ensures that site C couples only through
hoppings that carry the Kekulé periodicity, while the second condition imposes that cer-
tain bonds vanish, effectively disconnecting the remaining sites from the tight-binding
model.

Imposing equality between the corresponding amplitudes yields
F ·δ3 = F ·δ2 +G · (δ3 −δ2) ⇒ F · (δ3 −δ2) = G · (δ3 −δ2), (B.1.9)

which is satisfied if and only if F= G. With this identification, the modulation becomes
t ′(r,δ j) = 2tRe{eiG·(r+δ j)}= t cos

�

G · (r+δ j)
�

. (B.1.10)
To determine the coefficients p and q, we use the non-vanishing condition and set

(without loss of generality) t ′(R,δ3) = 1. This gives

cos (G ·δ3) = 1 ⇒
2π
3
(p+ q) = 2πk, k ∈ Z. (B.1.11)

Choosing k = 0 yields p = −q. Next, imposing the vanishing condition
cos (G ·δ2) = −

1
2 , (B.1.12)

and using p = −q, we obtain

−
4π
6

p = ±
2π
3
+ 2πk, k ∈ Z. (B.1.13)

Setting k = 0 gives p = ±1. We choose p = 1 and thus q = −1. Therefore, G = K+ − K−
is the Kekulé wave vector, and the final form of the hopping amplitude is

tr, j ≡ t(r,δ j) = αt{1+ 2Re{eiG·(r+δ j)}}. (B.1.14)

B.2 Tight-binding Hamiltonian

We start from the tight-binding Hamiltonian of Kekulé-modulated α-T3 model:

H = −t
∑

r

3
∑

j=1

b†
r ar−δ j

−
∑

r

3
∑

j=1

tr, j b
†
r cr+δ j

+H.c., (B.2.1)
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where the C sites hoppings is introduced as tr, j = αt{1 + 2Re[eiG·(r+δ j)]}. with Kekulé
wavevector G= K+ −K−. The Hamiltonian can be split into two parts:

H = −t
∑

r

3
∑

j=1

b†
r ar−δ j

−αt
∑

r

3
∑

j=1

b†
r cr+δ j

− 2αt
∑

r

3
∑

j=1

Re{eiG·(r+δ j)}b†
r cr+δn

+H.c.,

= Hα +HC (B.2.2)
where Hα corresponds to α-T3 model and HC captures the additional sites in sublattice
C. We proceed with the Fourier transform:

HC = −αt
∑

r

3
∑

j=1

[eiG·r+iG·δ j + e−iG·r−iG·δ j]b†
r cr+δ j

+H.c.,

= −
αt
N

∑

k,k′

∑

r

3
∑

j=1

[eiG·r+iG·δ j + e−iG·r−iG·δ j]b†
kei(k′−k)·reik′·δ j ck′ +H.c.,

= −
αt
N

∑

k,k′

∑

r

3
∑

j=1

�

b†
ke−i[k−(k′+G)]·rei(k′+G)·δ j ck′ + b†

ke−i[k−(k′−G)]·rei(k′−G)·δ j ck′
�

+H.c.,

(B.2.3)
where N is the number of sites of the lattice. After summing over real space, we obtain
momentum-conserving delta functions and the result:

HC = −αt
∑

k′

3
∑

n=1

�

b†
k′+Gei(k′+G)·δ j ck′ + b†

k′−Gei(k′−G)·δ j ck′
�

+H.c. (B.2.4)

Using the definition of the structure factor for nearest-neighbor hopping f (k) = t
∑

n eik·δ j .
The full Hamiltonian in momentum space becomes:

H =−
∑

k

a†
k f (k)bk −α

∑

k

�

b†
k f (k)ck + b†

k+G f (k+G)ck + b†
k−G f (k−G)ck

�

+H.c. .

(B.2.5)
We can expand the Hamiltonian by shifting each term by +G and −G, resulting in the
following form:

H =−
∑

k

�

a†
k f (k)bk + b†

kα f (k)ck + b†
k+Gα f (k+G)ck + b†

k−Gα f (k−G)ck +

+ a†
k+G f (k+G)bk+G + b†

k+Gα f (k+G)ck+G + b†
k−Gα f (k−G)ck+G + b†

kα f (k)ck+G+

+a†
k−G f (k−G)bk−G + b†

k−Gα f (k−G)ck−G + b†
kα f (k)ck−G + b†

k+Gα f (k+G)ck−G

	

+H.c.,
(B.2.6)

and rewrite the Hamiltonian as:

H = −Ψ†
k





0 F(k) 0
F †(k) 0 αE(k)

0 αE†(k) 0



Ψk, (B.2.7)



B DETAILS OF THE KEKULÉ-MODULATED α-T3 MODEL 65

where we have defined the spinor Ψk = (ak, ak−G, ak+G, bk, bk−G, bk+G, ck, ck−G, ck+G)T , and
the coupling matrices F(k) and E(k) takes the form:

F(k) =





f0 0 0
0 f−1 0
0 0 f1



 , E(k) =





f0 f0 f0

f−1 f−1 f−1

f1 f1 f1



 , (B.2.8)

with fn = f (k+ nG), and we have used the relation f (k± 2G) = f (k∓G) [25].
The low-energy spectrum of Kek-α model is governed by six dominant modes uk =

(ak−G, ak+G, bk−G, bk+G, ck−G, ck+G). In this basis, the Hamiltonian is expressed as:

Heff = u†
k





0 g(k) 0
g†(k) 0 αh(k)

0 αh†(k) 0



uk, g(k) =
�

f−1 0
0 f1

�

, h(k) =
�

f−1 f−1

f1 f1

�

. (B.2.9)

where the functions fn(k) = f (k+ nG) are defined from the structure factor of the hon-
eycomb lattice:

fn(k) = −t
3
∑

i=1

eik·δi einG·δi . (B.2.10)

To obtain a low-energy approximation, we expand fn(k) around k= 0 to first order:

f (k+ nG)≈ f (nG) + [k · ∇k f (k)|k=0] +O(k2) = −t
3
∑

i=1

�

(1+ ik ·δi)e
inG·δi

�

(B.2.11)

apartir de esta expresión podemos desarrollar

f (k+ nG) = −t[(1+ ik ·δ1)e
i 2π

3 n + (1+ ik ·δ2)e
−i 2π

3 n + (1+ ik ·δ3)]

= −t

�

ei 2π
3 n + e−i 2π

3 n + 1+
p

3qx

2
i
�

ei 2π
3 n − e−i 2π

3 n
�

−
qy

2
i(ei 2π

3 n + e−i 2π
3 n − 2)

�

= −t
�

2cos
�

2πn
3

�

+ 1−
p

3qx sin
�

2πn
3

�

− qy i
�

cos
�

2πn
3

�

− 1
��

(B.2.12)
Evaluating explicitly for n = ±1, and using the symmetry of the honeycomb lattice, we
obtain:

f±1(k) = −
3t
2
(∓qx + iqy) = ħhvF(∓qx + iqy), (B.2.13)

where the Fermi velocity is defined as vF =
3ta
2ħh , and (qx , qy) denote components of k.

To express the Hamiltonian in the Dirac-like representation, we applied the unitary
transformation:

uk = (ak−G, ak+G, bk−G, bk+G, ck−G, ck+G)→ uk = (ak+G, −bk+G, ck+G, ak−G, bk−G, ck−G),
leading to the transformed Hamiltonian:

H(k) =
�

vFp · S Q
Q† vFp · S∗

�

, (B.2.14)
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where p = (px , py), σ = (σx ,σy) is the Pauli matrix vector acting on sublattice space,
and the term vFp · σ captures the linear Dirac dispersion. The off-diagonal matrix Q
encodes the Kekulé-induced intervalley coupling:

Q = αvF





0 0 0
0 0 px + ipy

0 px + ipy 0



 , (B.2.15)



C
Numerical implementation of the tight-
binding model

In this appendix, we describe the numerical procedure used to obtain the band structures
presented for the Kekulé-modulated α–T3 model.

The band structures were computed using a tight-binding approach based on the
Bloch Hamiltonian of the Kekulé-modulated α–T3 model. The enlarged p3×

p
3 super-

cell contains six sites belonging to the honeycomb lattice (Ai and B j) and one additional
site C , giving rise to a 7× 7 Bloch Hamiltonian H(k) of the form

H(k) =

A1 B1 A2 B2 A3 B3 C




































A1

B1

A2 HA−B HB−C

B2

A3

B3

C H†
B−C HC−C

(C.0.1)

This Hamiltonian naturally decomposes into: (i) a 6 × 6 block HA−B describing all in-
tralayer honeycomb hoppings inside the p3×

p
3 supercell; (ii) a 1× 6 block HB−C de-

scribing the B–C coupling (with H†
B−C representing the reverse process); and (iii) a scalar

term HC−C for the on-site energy of the central C atom.
The atoms in the supercell are labeled as A1, B1, A2, B2, A3, B3 following a clockwise

ordering starting from the top site of the hexagon, while the central site is denoted by
C .

All calculations were performed within a nearest-neighbor tight-binding model. The
perpendicular electric field was incorporated as a sublattice-staggered on-site potential
m. The parameter α determines the coupling strength between the B sites and the

67
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central C site. All interactions are expressed in terms of the three nearest-neighbor
vectors

δ1 =
a
2(
p

3,−1), δ2 = −
a
2(
p

3, 1), δ3 = a(0, 1), (C.0.2)
so that the hopping amplitudes acquire complex Bloch-phase factors t eik·δ j for A–B
bonds and αt eik·δ j for B–C bonds.

An equivalent decomposition of the Hamiltonian is

H(k) = Hin(k) +Hout(k) +Hm(k), (C.0.3)

where Hin(k) contains all nearest-neighbor hoppings inside the supercell, Hout(k) con-
tains hoppings connecting to adjacent supercells, and Hm(k) includes the on-site mass
terms. The explicit 7× 7 matrices used in the numerical calculations are:

Hin(k) = −



















0 teik·δ1 0 0 0 teik·δ2 0
te−ik·δ1 0 te−ik·δ3 0 0 0 αteik·δ2

0 teik·δ3 0 teik·δ2 0 0 0
0 0 te−ik·δ2 0 te−ik·δ1 0 αteik·δ3

0 0 0 teik·δ1 0 teik·δ3 0
te−ik·δ2 0 0 0 te−ik·δ3 0 αteik·δ1

0 αte−ik·δ2 0 αte−ik·δ3 0 αte−ik·δ1 0



















(C.0.4)

Hout(k) = −



















0 0 0 teik·δ3 0 0 0
0 0 0 0 te−ik·δ2 0 0
0 0 0 0 0 teik·δ1 0

te−ik·δ3 0 0 0 0 0 0
0 teik·δ2 0 0 0 0 0
0 0 te−ik·δ1 0 0 0 0
0 0 0 0 0 0 0



















(C.0.5)

and the mass term:

Hm(k) = m diag(+1,−1,+1,−1,+1,−1,0). (C.0.6)

The band structures shown in Figs. 4.3 and 4.5 were obtained by numerically solving
the eigenvalue problem

H(k) c(k) = E(k) c(k), (C.0.7)
with E(k) and c(k) the eigenvalues and eigenvectors, respectively.
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